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EM terek numerikus modellezése

Bevezetés

A numerikus modellezésre azért van igény, mert a legtobb esetben kialakulo EM terek csak
ritkan kezelhet6k, ill. adhatok meg analitikus, zart formaban. Utobbi megoldasok csak
egyszerlibb forrastér feltételezése mellett, homogén, izotrop tulajdonsagh kdzegek

(altalaban homogén féltérre vagy rétegzett féltérre, amelyek 1D-S szituacidk) esetén
alkalmazhatok. A tobb dimenzids feladatok megolddsahoz azonban numerikus méddszerekre
¢s ezzel egyiitt megfeleld szamitdgépes hattérre van sziikség, ahol vagy a teljes EM térre vagy
csak annak szekunder részére végziink szdmitasokat. Az EM tér matematikailag akkor valik
kezelhetdvé, ha a Maxwell — egyenletekbdl kiindulva a leszarmaztatott egyenleteket parcialis
differencidlegyenletekké (DE), vagy integralegyenletekké (IE) alakitjuk. Ezt kdvetéen a DE
egyenleteket megoldhatjuk a véges kiilonbségek modszerével (finite difference method, FD),
vagy a variacids elv alkalmazasaval a véges elemek mddszerével (finite element method, FE).
Az integralegyenletek modszere a harmadik legfontosabb eljaras. Gyakran a kiilonbzo
numerikus eljarasok kombinéciojat alkalmazzuk, ilyenkor hibrid modszerekrdl beszéliink. Az
emlitett eljarasok az EM tobb dimenzids inverzios feladat alapelemei is lehetnek, ugyanis az
inverzié soran az elére modellezési feladat tobbszori megoldasara keriil sor. A harom
legfontosabb eljaras 1ényegének az ismertetésére a kovetkezOkben kertil sor.

A véges kiilonbségek modszerénél a kiindulas a forrastaggal bovitett Maxwell — egyenletek.
Sikhulldmu esetben a Maxwell — egyenletekbdl a tavirdegyenlet szarmaztathatdo le, és
harmonikus 1id6éfliggés feltételezve a tavird egyenletek 1dot6l fliggetlen Helmholtz —
egyenletekké alakulnak at. A hullamegyenletekben a derivaltak tobbvaltozos Taylor sorfejtés
révén kozelithetdk. A mesterséges aramterli forrds esete bonyolultabb, és a feladat
megfogalmazasat jelentd parcidlis differencidlegyenlet(ek) is Osszetettebb(ek). A megoldas
elve azonban k6zos, mert mindkét esetben a modellezni kivant tértartomanyra egy derékszogii
négyszoghalot fektetiink, és ezen halo racspontjaiban a megoldas kozelitd értékét hatarozzuk
meg ugy, hogy minden egyes racspontra az ismeretlen fliggvény értékét a szomszédos

pontokhoz tartozo értékek linearis kombinacidjaként irjuk fel. Leggyakrabban 5- vagy 9-



pontos racsmodszert alkalmaznak. A feladat és a modell jellegétdl fiiggd nagy méretli linearis
rendszert kell megoldani a matematikai értelemben vett elsddleges komponens(ek)re. Mint a
tobbi numerikus eljarasndl itt is érvényesiteni kell a hatarfeliiletekkel parhuzamos
térkomponensek folytonossagat a megfelelé peremfeltételek figyelembe vétele mellett. Ennek
megfelelden a véges differenciaegyenletek eltérd alakuak.

A véges elemek modszere rugalmasabb, mint a véges kiilonbségek moddszere, ugyanis
tetszOleges geometriaju sik vagy térbeli racsra alkalmazhat6. Itt a differenciacgyenletek
levezetése a variacidés elvek felhasznalasaval torténik, melyek az egyiitthatomatrix
szimmetridjat €s pozitiv definit tulajdonsagat is biztositjak. Itt tehat nem a Taylor sorfejtéses
technikat alkalmazzuk, igy filozo6fidjaban is eltér a véges kiilonbséges moddszertél. Az EM
modszerek vonatkozasaban Coggon és Ryu (1971) alkalmaztak eldszor, ahol a rendszert leird
fliggvény a Poynting vektorral jellemezhet6. Az elektromagneses modszerekre a teljes
potencialis energiat a Maxwell egyenletekb6l kiindulva a Poynting teoréma alapjan lehet
meghatarozni. A variacids integral a sikhullam®, a magneses vagy elektromos forrast
feltételez6 esetre megadhatd, mely az Euler — Lagrange egyenlet alkalmazasaval a megfeleld
differencidl egyenlett¢ alakithato at. Az energiafiiggvény minimalizalasa kozelitdleg
elvégezhet6 az egyes véges elemeken felvett linearis interpolacios fliggvények segitségével. A
megoldas fliggvényt a szerkezethez jobban alkalmazkod6 szabdlytalan racs elemek bels6
pontjaiban vagy a racspontokban adjadk meg. Lényeges kérdés a racspontok sorszamozasa,
mely az egylitthatomatrix struktirajat befolyasolja. A cél itt is a minimalis savszélességii
egyiitthatomatrix kialakitdsa a linearis algebrai feladat megoldasa szempontjabol. A véges
elemes modszer alkalmazésa elonyt ¢€lvez a véges kiilonbséges modszerekkel szemben
kiilondsen akkor, ha dolt vagy gorbiilt hatarfeliiletek jellemzik a modelliinket.

A numerikus modellezés harmadik lehetséges valtozata az integralegyenletek modszere. A
Maxwell egyenletek a Gauss -, illetve Stokes — tétel alkalmazasaval integral alakra hozhato,
majd ezen integralegyenletek matrix — egyenletekké alakithatok at. A modszer fontos
jellemzodje, hogy az inhomogenitasokon kiviili térrészben az EM tér meghatarozhato az
inhomogenitasokat koriilzaro feliiletre vonatkoz6 integralok segitségével. Ezen integralok
Green fliggvényeket és fiktiv elektromos ¢és magneses feliileti aramstrliségét, tovabba
elektromos és magneses feliileti toltéssiirliséget tartalmaznak. A feladat itt is az el6zé két
eljarashoz hasonléan linearis rendszer megoldasara vezet. Ez a modszer elsOsorban akkor
ajanlhaté ha 1D — s kornyezetben 1év0, kis szamu tobb dimenzios szerkezet hatdsat kivanjuk

elemezni. Ilyenkor a feladat ezen eljarassal lényegesen kisebb CPU iddvel és kisebb



kapacitasu szamitogéppel oldhaté meg, mint a totdlis EM teret szamit6 véges elemes vagy
véges kiilonbséges modszerrel.
Ebben a jegyzetben foleg magyar de angol nyelvii szemelvények forméjaban is kaphatunk

attekintést a témahoz kapcsolatosan.

FREKVENCIA TARTOMANYBELI EM
MODSZEREKHEZ ELMELETI ALAPOK

A telegraf egyenlet az EM tér e*'™iddszerinti véltozasat feltételezve a kovetkezo alaki (a

telegraf egyenlet levezetését az 1. fiiggelék tartalmazza), melyben jelen esetben csak az E
elektromos térerdsség vektor szerepel (teljesen hasonld az egyenlet a magneses térvektor
vonatkozasaban):

AE + (usw? —iwuoc)E = AE +k?E =0 Q)

A fenti egyenlet megoldasa akkor ha csak E, komponenst tételeziink fel és a hullam lefelé
terjed a homogén izotrop féltérben:

EX (Z’t) = Exoe_ikzeiwt = Exoe_i(ﬂe_ﬁzeiwt (2)
Itt azt fogalmaztuk meg, hogy k = o —if alaku. Igy a
k2:a2_2iaﬂ_ﬁ2:ﬂng_iwﬂa “

egyenletbdl a valos és képzetes részek egyenldségébdl o ¢és S meghatarozhato. A
gyokvonasoknal csak a pozitiv értékeket figyelembe véve irhato, hogy
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A szkin mélység az a mélység, melyben a felszini térérték az e-ad részére csokken. A (2)



egyenlet jobb oldalan az amplitidé mélységgel vald csdkkenését E e firja le, igy a szkin

mélység - Z, - szamitasahoz az alabbi egyenletet kell megoldani:

2 \2
Eoe” =Egetebbsl  z,=1/p=1Ua{’E||1+2 | -1 )
2 Ew
Tehat a S csillapitési tényezd és a szkin mélység egymassal forditottan aranyos.

A hullamhossz az azonos fazisi pontok kozotti tavolsag. A (2) egyenlet jobb oldalan a
fazisviselkedést a méasodik tényezo irja le, igy 4 az

e =g feltételbdl hatarozhatd meg, amibdl
1
1 2
& o’ )2
A=2rla=2rlo{ ] |1+ 2—| +1 6)
2 Ew

A reflexids szeizmika ¢€s a reflexios georadar modszerek hasonlosaga alapjan allithato, hogy
a georadar modszer vertikalis felbontoképessége (az a rétegvastagsag mely mellett a vizsgalt
réteg felso és also hatarfeliiletérdl kapott reflexid egymastol megkiilonboztethetden elvalik,
igy a réteg "kimutathatd"a reflexids idészelvényen) A/4, azaz a hullimhossz fliggvényében

legalabb ilyen  vastagnak kell lenni a rétegnek (Rayleigh-kritérium). A lateralis
felbontoképesség mértékét az ado-vevd tavolsadg (csokkentése a laterdlis felbontoképesség
novelését segiti eld) és a Fresnel zona nagysdga hatarozza meg. amely a dominans
hullamhossz €s a vizsgalt objektum reflektalo feliilete mélysége szorzatanak négyzetgyokével
aranyos akkor, ha a reflektalo feliilet mélység szintje sokkal nagyobb, mint a hulldmhossz.

A Fresnel zonara vonatkozd 0sszefiiggésbdl meghatarozhat6 az a laterdlisan jelentkezé méret,
amely még kimutathatd. Tehat mind a vertikalis, mind a horizontélis felbontas mértéke fligg a
hullamhossztol ( a Fresnel zonara vonatkozod levezetést a 2. sz fiiggelék tartalmazza).

A lefelé terjedd sikhullam terjedési sebessége v=A/T = Af , igy
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Az Osszefiiggések az eltolasi aramok elhanyagoldsdval €16 esethez képest tehat
bonyolultabbak, emlékeztetdiil ott
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voltak, ¢és ebben az estben az EM hullam homogén vezetOképességl féltérbeli terjedési
sebessége:

Y ©
V=A/T =2n| —
o

Masik hataresetet akkor kapjuk meg, ha azt feltételezziik, hogy az eltolasi &ramok mértéke
sokszorosa a vezetési aramokéhoz képest. Ez az eset alacsony vezetéképesség mellett,
egészen nagy frekvencidju EM tereknél jelentkezik. Ekkor (1) egyenlet a kovetkezd alaku:

AE + pew *E =0 (10)
(3) szerinti felbontést figyelembe véve
a=+uew? é B=0 (11)

azaz ez EM térnek csillapodésa nincs, a hullimhossz pedig (6) eldtti feltételbdl

1 v
A=2xla=2nluew? = =— 12
wla =2rl+\ uew f\/E : (12)

amibdl a terjedési sebesség

(13)
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V= = =
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ahol c a fény terjedési sebessége levegdben. (12) és (13) felhasznalasaval a hullamhossz ekkor
kozelithetd

2-_C

T (14)

értékkel. EbbOl a formuldbdl az kovetkezik, hogy a frekvencia novelésével a hullimhossz
csokken, igy a felbontoképesség nd, illetve az is latszik, hogy a relativ dielektromos
allandéo novekedése szintén a jobb felbontast eredményezdé tényezok egyike. A
felbontoképességet dontéen befolyasolo ezen két tényezé mellett megallapithato a
hullaimhossz csokkenése a vezetoképesség novekedése mellett a kis frekvencias, ill. az
altalanos esetben is (8) és (6) szerint.



Az EM tér csillapodasat a kiilonb6zo esetekre (8)- , (4)- és (11)-ben szerepld S csillapitasi
tényezo irja le. A felszin alatti tértartomanyban mindig fellép az EM tér gyengiilése és a
georadarnal alkalmazott frekvencidk mellett (4) jobb oldali 6sszefiiggése lehet a kiindulas.

Ha 0%/ s’w? <<1, akkor (L+ %/ *@?)" ? =1+ 0% | 2s*@w? alapjan irhat6 (4) helyett
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Tehat a csillapitasi tényezo az elektromos vezetoképességgel linearisan, mig a relativ
dielektromos allandoval forditottan aranyos abban az esetben amikor mind a vezetési,
mind az eltolasi aramok hatasat figyelembe vessziik, azonban az eltolasi Aramok hatasa
Iényegesen nagyobb. A fenti feltételezés mellett a csillapitasi tényezé frekvencia szerinti
fliggése nem jelentkezik, tehat ebben a frekvencia tartomanyban nem a frekvencialis fiiggés a
meghatarozé mindaddig , mig o°/&’@® <<1, azonban ez a hanyados még nem tart a
zérushoz.

Ugyanakkor a csillapitasi tényezé a frekvencia novelésével rogzitett o és &, esetén (4) jobb
oldali egyenlete szerint né, kis frekvenciak mellett (8) hasznalhato.

A georadar méréseknél a kimutatandé objektum mérete és a hullamhossz kapcsolata mellett
fontos tehat az, hogy a kimutatandé objektum mélység szintjében még megfeleléen nagy
legyen az EM jel energidja. Ugyanakkor az is fontos, hogy a megfeleléen nagy beérkezd jel
visszaver6djon. Ennek feltétele, hogy az egymassal érintkezésben [évé anyagok
elektromégneses paraméterei kozott kimutathatosagot lehetdvé tevd eltérés legyen.
Vizszintesen 2 réteges féltér esetére rétegzddésre merdleges sikhullamu EM hullamterjedést
feltételezve a reflexios tényez6 (R) értéke

R_Zz_z1

= 16
Z,+7, (16)

ahol Z a sikhullamu EM tér impedanciaja, az 1-es a felsé, a 2-es index az also rétegre
+iat

vonatkozo jelolés. Sikhulldmu terekre érvényes impedancia Osszefiiggés az e iddszerinti

valtozasat feltételezve felirt rotE = —0% = —i@yH Maxwell-egyenletbdl szarmaztathato le

tgy, hogy homogén, izotrop féltérben lefelé halado, E, és H komponensekkel jellemezhetd
sikhullamot tételeziink fel. Az y irdnyt komponensre felirt Maxwell-egyenletbdl :

oE. . . .
azx J=-laH ] (17)




Az X iranyu elektromos térkomponens z szerinti derivalt értéke (2) alapjan OE, /oz = —ikE, .
Ezt (17)-be helyettesitve, majd az egyenletet az impedancia értékére rendezve kapjuk, hogy

Z,=—*="" (18)

Konnyen belathatd 4 =g, = o, =y, ill. ki2 ~ p,&,m’ feltétezésekkel élve, hogy (16)
helyett

Oty _ Oty
E TA€
R K ki _Vén 2 (19)
Ot (O En T
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irhat6. Osszefoglalva a nagyobb frekvencidkon a reflektalt jel amplitidéja elsésorban az
érintkez6 kozegekre jellemzé relativ dielektromos allandok négyzetgyoke kozotti
kiilonbségtdl fiigg, azzal linearisan aranyos.



2D MT véges kiilonbséges modellezés

A megoldando feladat azt tételezi fel, hogy a vizsgalt szerkezet a mérési teriileten
megnyultsagi irannyal jellemezhetd. Ezt a feltételezést altalaban mas (pl.gravitacios vagy
magneses) modszerek mérési eredményei alapjan tehetjiik meg. Az anomalidk megnyultsagi
iranya a szerkezeti csapasvonalat jeloli ki. Az altalanos eset természetesen 3D-s, azonban
gyakran alkalmazhato a 2D-s kozelités. A feladat kezelhetdsége végett azonban azt
feltételezziik, hogy a szerkezet a csapds iranyaban végtelen kiterjedésii, tehat ezen iranyra
merdleges sikok barmelyikében azonos geometridval és konduktivitas eloszlassal
jellemezhetd metszetet kapnank.
A 2D-s szerkezeti feltételezés mellett a tovabbi egyszeriisitésekkel, ill. feltételezésekkel
éllink:

- A vizsgalt tértartomanyban a beérkez6 EM tér megegyezik

- Egyetlen diszkrét f frekvenciaju, '™ harmonikus idéfiiggésti EM teret vizsgalunk

- A vezetési aram lényegesen nagyobb mint az eltolasi aram

- A kozeg izotrop

- Vizszintes a felszin

Elészor azt bizonyitjuk be, hogy ezen feltételezések mellett, a felszinre tetszdleges szoggel
bees6 EM sikhulldm eldallithato egy tisztin E moddust, ill. H moédust hullam

szuperpozicidjaként.



Induljunk ki az I. Maxwell-egyenletb6l — mely szerint mind a vezetési aram, mind az

eltolédasi aram id6ben magneses oOrvényteret létesit. Az eltolodasi aramok hatasanak

elhanyagolasaval:

rotH = f+8—Dz
ot

| =~

Q
LTl =

>

B oH.\ . ~( oH EOLTE LK
ot OHy ) ofoH, o) ROy AH) e e ke
oy o ox oz ox oy

I
N

i
9
oy
Hy

N

frjuk fel a 1. Maxwell-egyenletet, amely azt fejezi ki, hogy az idében valtozé mégneses tér

elektromos 6rvényteret hoz 1étre (tovabba itt is végezziik el a komponensekre bontast is):

i kK
o 0 9| ;¢ oE, OE, _T(OEZ_GEX Tk oE, OE, ) _
ox oy oz oy 0z ox oz oX oy
E, E, E,
——iwpliH, + JH, +kH, )
Vegyiik figyelembe, hogy a bees6 EM tér allandd a vizsgalt tértartomdnyban, és a

szerkezetnek csapasiranyban EM tértorzito hatasa nem lehet:

E_oH _,
OX  OX
Ez utobbi megallapitast érvényesitve a komponens egyenletekre az 1., ill. Il. Maxwell-

egyenletek helyett irhato:

O0E, OE, ). (0E, = (OB ) - - -~
(ay_az Jl—i-( o jj (ayjk_ i j —ioH | | —ioH K
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Csoportositast ugy végezziik el, hogy kiilon legyenek azok az egyenletek, amelyekben a

csapasiranyu elektromos térkomponens Ey szerepel, ill. azok melyekben a csapasiranyu

magneses térkomponens Hy van. Az elsé Maxwell-egyenletb6l az i -re a masodikbol a | -re,

ill. k -ra vonatkozo egyenletekbdl

oH, _6Hy _oE,
oy oz

oE .
X —
0z o,
OE .
~=iauH,
oy

Jol lathato, hogy ezen 3 egyenletben a csapasiranyu elektromos , a délésiranyu és vertikalis
magneses térkomponens szerepel. Annak érdekében, hogy a matematikailag egyszeriibb esetet

kapjunk, az utobbi két egyenletbdl Hy és H; értékét helyettesitsiik be az eldttiik 1évobe:

0°E, O0°E
ayZ 822

X

=iauckE,

Ezzel eljutottunk a Helmholtz-féle id6t6l fliggetlen parcialis differencidlegyenlethez,
amelyben egyetlen ismeretlen -Ex- szerepel. A masik polarizacio esetén teljesen hasonloan
jarunk el: megkeressiik azon komponens egyenleteket, melyekben Hy taldlhat6. Jol lathato,

hogy ezek éppen a megmaradt, eddig fel nem hasznalt egyenletek. Tehat:

oE
(aEz __yj :—i ZU,LHX
0z

oy
oH, 3
oz Y
M e
oy
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Az egyenletek el6z6hoz teljesen hasonlo 6sszedolgozasabol kapjuk:

o’H, o&°H
+

ayz aZZ

X

=iauoH,

2D-s szerkezetek esetén harmonikus id6szerinti térvaltozast feltételezve tehat azt tapasztaltuk,
hogy a tetszéleges polarizacioji sikhullam felbonthato két, egymastol fiiggetlen eset
szuperpozicidjara. Ez a kiilon valas indokolja, hogy a két polarizacid matematikailag is
egymastol fliggetleniil targyalhat6. Homogén, izotrép tértartomanyban a két polarizacid
megegyez0 alakt differencidlegyenlettel irhatdo le. A kovetkezdkben nézziikk meg, hogy

inhomogenitds nélkiili esetben milyen véges differencia egyenlettel kozelithetd a

Ag+k?¢p=0 alaki egyenlet, ahol ¢ skalar mennyiség, ui. csapasiranyl (x iranya) EM

térkomponens.
y n
£ C(m-1,n)
hn
hW hE
m
D(m,n-1) A(m,n) B(m,n+1)
hs
E(m+1.n)

1.4bra
Ennek érdekében a kétvaltozos fiiggvények Taylor-sorfejtéses alakjabol induljunk ki. Ha egy

y,z koordinataju pontban ismert a fliggvényérték, akkor egy y+hy, z+h, koordinataju pontban

a fiiggvény értéke az alabbiak szerint hatarozhaté meg:

12



b P | L0y, Oy Oy
$y+h,,z+h) = ¢(y,z)+(ayh +az j+2(6y2 h, +ayazhyhz+azz th

Az 1. abra tiinteti fel a koordinatarendszer irdnyitottsagat, m a sorok, n az oszlopok szdmat
jeloli. Az A(m,n) pontbeli fiiggvényérték ismeret¢tben a B, C, D, E racspontbeli
fiiggvényértékek a kovetkezok:

¢(m,n+1):¢(m,n)+%hE+%gy;?h; (B)
#(m-Lm) = g(mm) - L, + ;th ©
pmn-D =gmm-h, + ;gy% (D)
g(m+1.m) = g(mr) + 2, + %a—¢ ()

B egyenletet hy-vel, D egyenletet he-vel szorozzuk meg azért, hogy a megszorzott egyenletek
Osszeadasa sordn az elsérendii derivaltak kiessenek. Hasonldan C egyenletet hs-sel, mig E

egyenletet hy-nel szorozzuk meg majd Gsszegezziik éket:
10%¢
hy(m,n+1) +heg(m,n-1) = (h, +hc)g(m,n) + (h,he” +heh,,® )——

18°¢

hy¢(m,n+1) + h g(m+1,n) = (hg +hy )g(m,n) + (hsh,? + hy hg? )2 por

Az eldbbi egyenletbdl a skalar fiiggvény dolés-, mig az utdbbibdl a vertikalis irany szerinti

masodik derivalt kozelito értéke fejezhetd ki. Ezek ismeretében homogén esetre a Helmholtz
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egyenlet véges kiilonbséges alakja konnyen megadhatd, hisz a Ag+k’¢ =0 egyenletoen a

masodik derivélt kozelitd értéke igy adott, mig a masodik tag értelemszeriien k*g(m,n) lesz.

A fentiek értelmében a véges differencia egyenlet
ag(m,n)+bg(m,n+1) +cp(m-1n)+dg(mn—-1)+ep(m+1,n) =0 (F)

alaku, ahol b, c, d, e egyiitthatok a frekvenciatdl és a konduktivitastol fiiggetlenek, tehat csak
a racs geometriai méreteitdl fliggenek. Ez nem mondhato el az a egylitthatérol, mely a
hullamszdmnak —igy mind a frekvencidnak, mind a konduktivitdsnak- fiiggvénye. Fontos
kihangstlyozni, hogy mindez csak az elvi jelentdségli homogén esetre igaz. Mdasrészt az is
nyilvanval6, hogy ezen kozelitésekkel egy 5 pontos racsmodszer (véges kiilonbséges)

kiindulasanak alapjait sikeriilt bemutatni. Az egyiitthatok tehat homogén tértartomanyra:

a:kz_z(]/hEhw+]/hshN) (G)

b:%hE_'_hW)hE C:%h8+hN)hN
d =%hE+h\N)h\N ez%hs +hN)hS (H)

Tehat ezek az egyiitthatok konstans hullamszamu halorészre, a racs belsejében érvényesek.

Az eddigiek viszont sziikségesek voltak ahhoz, hogy attérjiink az egymassal érintkezésben
1évo, kiilonbozd konduktivitasu térrészek esetére. A hatarfeliileteken az elektromos és a
magneses térerdsség tangencialis dsszetevoi folytonosak. A hatérfeliiletek a derékszogii halot
alkalmaz6 véges kiilonbséges modellezés soran vizszintesek vagy fliggdlegesek lehetnek.
Nézziik azt az esetet, amikor egy fliggdleges sik valaszt el két kiilonb6z6 konduktivitasa
térrészt a 2. abra szerint. Tételezziik fel az E polarizacié esetét. Ekkor a C-, D-, E
racspontokra felirt egyenletek a J-ik kozegre vonatkoznak ugyanis a D pontra felirt Taylor-
sorfejtéses formuldban az A pontbeli érték épp az A pontbeli Ex érték, ill. a C és E

racspontokra vonatkozd egyenletekben valamennyi ¢ érték hatarfeliileti tangencialis

elektromos térkomponens érték (Ex). A cél az, hogy a K-ik kozegben 1évé B pontbeli
csapasiranyu elektromos térkomponenst a  J-ik kdzegre vonatkozd csapasiranyu elektromos

térkomponens fliggvényében adjuk meg. A kiindulas értelemszeriien a B egyenlet:
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o°E,"
h.?

ayZ

oE "

Ef(mn+1)=E“(mn)+ hE+%

A torekvésilink formalisan azt jelenti, hogy ezen egyenlet jobb oldalan valamennyi K index
helyett J szerepeljen. Mivel ezen vertikalis hatarfeliilet mentén Eyx mellett H, folytonossaga
is fenn all, tovabba a vertikalis magneses térkomponens épp Ex doélésszerinti valtozasaval
aranyos (lasd az E polarizaciéra megadott 3. egyenlet) , ha a két kdzegre a relativ magneses
permeabilitas megegyezik, akkor JE, /0y is. A jobb oldalon 1évé masodik derivalt masik
kozegre vonatkozo6 kifejezése érdekében a két kozegre egyarant érvényes Helmholtz egyenlet

egyenldségének felirdsabol célszerli kiindulni.

AE’ +k,’E’ = AE," +k’E, =0

y n
£ ) C(m-1,n)

h

hW hE
m J K

D(m,n-1) Am.n) B(m,n+1)
hs
E(m+1.n)
2.4bra

Ezen egyenletben a masodik derivalt csak ddlésiranyban marad meg, ugyanis a csapasiranyt

elektromos térkomponens folytonossdga a hatarfeliilet mentén folyamatosan teljesiil, igy a z
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szerinti els6 és masodik derivaltakra is fennall az egyenléség. A K-ik kézegre vonatkozod
dodlés szerinti méasodik derivalt:

2 K 2 J
a;j: %;: -k

Ezt is behelyettesitve a B egyenlet ezel6tti alakjaba kapjuk, hogy

oE,’ 1, ,,0°E’

D = B )+ e ot (O k)

Tehat ezzel célunkat elértiik, igy a K index hasznalata feleslegessé valt, elértiik azt, hogy

az eltéré konduktivitasu tértartomanyokat elvalasztd vertikalis hatarfeliilet esetén valamennyi
Taylor —sorfejtéses kozelitésben a baloldali térkomponensek és azok derivaltjai szerepelnek a
két konduktivitas €s a frekvencia értéke mellett. Ilyen modell feltevésnél ez utobbi egyenlet
helyettesiti E polarizacié esetén a B egyenletet, a tobbi (C,D,E) valtozatlan. Az utolso
egyenlet térkomponensekre vonatkozé indexek nélkiili alakja, illetve a C, D, E egyenletek

amelyekben ¢ helyett E,szerepel:

E (mn+l)=E, (m,n)+a§; hE+%hE2(a;§; +(k,2 -k, ) (B%)
E (m-1,n)=E, (m,n)— 8@sz hy +%% hy? (C*)
E (mn-1)=E (m,n)— aany hy +%a;yE; hy’ (D*)
E (m+1n)=E (m,n)+ aasz h +%%h§ (E%)

B* egyenletet h,-vel, D" egyenletet hg-vel szorozzuk a korabbiakhoz hasonléan azért, hogy a
megszorzott egyenletek Osszeaddsa sordn az elsSrendii derivaltak kiessenek. Hasonldan C

egyenletet hs-sel, mig E” egyenletet hy-nel szorozzuk meg majd képezziik 6sszegiiket.
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Az elsd Osszegegyenletben a csapdsiranya elektromos térkomponens doOlés-, mig a
masodikban a vertikalis irdny szerinti méasodik derivaltja szerepel. Ezen masodik derivaltakat

az egyenletekbdl kifejezve, majd behelyettesitve a Helmholtz egyenletbe E, -re egy (F) alaku

egyenletet kapunk, melyben az egyiitthatok a homogén esethez képest csak az A (m,n)

pontbeli csapasiranyu elektromos térkomponens egyiitthat6jaban mutat eltérést.

a* = (Ruk? +hek? Jih +h, )-2(/he Ry, +Yhch, ) @

b =b ¢ =¢ d*=d e =e (H*)

Teljesen hasonld gondolatmenet alkalmazasaval érhetd el, hogy hasonlé modellre (vertikalis
hatarfeliilet valaszt el két kiilonbdz6 hullamszamu térrészt) a megfeleld H polarizacids véges
differencia egyenletet felirjuk. Ekkor a csapdsirdnyi magneses és a vertikélis elektromos
térkomponens folytonossagat kell érvényesiteni a vertikalis hatarfeliilet mentén. A véges
differencia egyenlet egyiitthatoinak levezetési moddja itt is teljesen hasonld, mint E
polarizacional, és mivel a belsé hatarfeltételek a két polarizacional mas komponensekre
érvényesek, az egyiitthatok is eltéréek lesznek az E és H polarizaciés esetben.
Megallapithat6, hogy ily modon az eltéré konduktivitast térrészeket elvalaszto hatarfeliileti (
amely vizszintes vagy fiigglleges lehet) belsd racspontra a két polarizaciora megadhatok. A
fenti gondolatmenet folytathaté akkor is, ha a véges differencia egyenletet olyan belsd
racspontra irjuk fel, mely harom vagy négy kiilonb6z6é konduktivitdsu derékszogli négyszog
cella kozos csticspontja. A legaltalanosabb eset az, amikor négy eltérd konduktivitasu
cellanak van egy ko6zos pontja. Ekkor pl. E polarizaciot feltételezve a vertikalis hatarfeliilet
mentén Ey és H, a vizszintes hatarfeliilet mentén pedig Exés Hy folytonossagat kell el6irni.

Valamennyi bels6é hatarfeltétel figyelembevétele tulhatarozott egyenletrendszerre vezet. Ezt
ugy lehet elkeriilni, hogy az eltér6 konduktivitasi celldk kozéppontjai kozott a celldkra

jellemz6 konduktivitas értékek kozotti linearis valtozast tételeziink fel.

A kovetkez6kben a két polarizaciora vonatkoz6 peremfeltételekkel foglalkozunk. Azt

vizsgaljuk, hogy a modellezés soran hasznalt oldaliranyu, felsd és also racslehatarolasok sordn
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milyen feltételezésekb6l indulunk ki, és milyen kozelitéseket fogadunk el
peremfeltételekként.

A H polarizacios peremfeltételek. Eldszor vizsgaljuk meg, hogy kell-e a levegdre racsot

fektetni? Az elsé Maxwell egyenletbd] —mivel rotH = oF - kovetkezik, hogy rotH =0,
azaz levegében a magneses tér allando, hisz egyetlen irdny szerint sem valtozik. Tehat a
csapasiranyu magneses térkomponens is alland6 a levegében (egyszertiség kedvéért
feltételezziik, hogy a felszinen a csapasiranyu magneses térkomponens valos része 1.0, mig
képzetes része 0.) . Mivel H polarizacional a véges differencia egyenletrendszerben az
ismeretlenek a racspontbeli csapasirdnytl magneses térkomponens érték, ezért a levegdben
nem kell racsot felvenni. A véges kiilonbséges modellezésnél oldaliranyban is le kell hatarolni
a racsot. Akkor jarunk el helyesen, ha az inhomogenitastol olyan tdvol torténik meg ez a
lehatéarolas, ahol a magneses térnek mar nincs ddlésirdnyl valtozasa, azaz feltételezziik, hogy
a felszin alatt, elegendden tavol:

oH,

oy

Ha a do6lés szerinti masodik derivaltra is hasonlo feltételezéssel €liink, akkor a H polarizaciora

=0

felirt Helmholtz egyenletbdl

2

0z°

X =iguoH, = —k°H

X

Ez az egyenlet a homogén féltérre vonatkozd megoldast adja, melyhez hozzavéve az i1d6
szerinti harmonikus véaltozast a csapasiranyl magneses térkomponens modell szélén 1&vo

vertikalis hatar menti mélység- és idészerinti valtozasa adhatd meg:

1-i wyo. @O
) = ) ——Joua . By L T
HX(Z,t): one—kzeﬂwt _ one Iw’,uOZeHwt _ one J2 e+|wt _ one 2 e 2 e+|mt

A formula alapjan a felszini érték -Hyo- ismeretében a felszintdl szamitott tetszdleges
mélységben -ahol a racshoz tartozdan sort vesziink fel- a térkomponens meghatarozhatd
(1dofliggésre természetesen nincs sziikség). Ha az inhomogenitas(oka)t magaba foglalo tér
rétegzett, akkor a modell szélén 1évo, legszE€lsd bal- és jobboldali oszlop racspontjaiba a
rétegzett féltérre jellemzo értékeket allitjuk be.

Az E polarizicios peremfeltételeket eldszor a levegdre adjuk meg és szoritkozzunk a racs

fliggbleges széleire. Itt is érvényes, hogy rotH = o =0, amibél kovetkezik:
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oH, ©oH, _of, -
oy oz

Ezen esetben is feltételezhetd, hogy az inhomogenitastol tavol a H, komponens délésiranyban

nem valtozik, tehat

oH
0z

Y =0=H,(z)=H,

Tehat Hy a levegOben a racs szélén z fliggvényében allando és értéke a dodlésiranyu felszini
magneses térkomponenssel egyezik meg. Mivel az E polarizacios feladatnal a csapésiranya
elektromos térkomponens meghatarozasa a cél, igy az alabbi egyenletbél levegére

hatarozzuk meg ezt a komponenst!

T Tk
ot =- B9 0 g0 +5H, +kH,)
& |x oy @
E. 0 0
. ok . .
Amibdl 5 *=—loyH, = E, =—louH z
Z

tehat a racs szélein vertikdlisan a csapésiranyu elektromos térnek linedris valtozasat kell
feltételezni. Emiatt viszont a levegore is, ellentétben a masik polarizacioval, racsot kell
fektetni. A felszin alatt a két sz€lsé oszlop mentén 1évd racspontokban teljesen hasonlo elvet

érvényesitiink mint a masik polarizacié esetén.

A linearis egyenletrendszer megoldasa

A parcidlis differencidlegyenletnek megfeleld véges differenciaegyenlet attol fliggden, hogy
racsszegélyen, vagy a racs egy belsd rdcspontjara lett felirva més €s mas alaku. Ha
valamennyi véges differenciacgyenlet ismert, akkor sor- vagy oszlop folytonosan adjuk meg

Oket. Ennek eredményeként az egyiitthatomatrix sav struktiraju, amit az egyenletrendszer
megoldasa sordn figyelembe lehet venni, fiiggetleniil attol, hogy az egyenletrendszer direkt
vagy iterativ modjat valasszuk A kovetkezOkben az egyenletrendszer iterativ megoldasanak

egy lehetséges valtozatat mutatjuk be.
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Az Otpontos racsmodszer alkalmazédsakor az 1. abra jeldléseit hasznalva a (F) alaka
egyenlet irhato fel. Balrol jobbra sorfolytonosan feliilrdl lefelé haladva a racson, jeldljiik a
kdzponti —m sor- és n oszlopszammal jellemezhetd- A pontot 0-val, mig a haladasi irdnynak
megfelelden a tobbi racspontnak C, D,B,E sorrendben feleljen meg az 1,2,3,4 jelolés. Ekkor
a kozéppontbeli fiiggvényérték a szomszédos négy racspontbeli fiiggvényérték linearis

kombindciojaként adhatdé meg (F) egyenletbdl atrendezés utan:

¢, =Cop, + Do, + By, + Egp,

A Gauss-Seidel iteracios eljarasnal a k-ik iteracioban amikor az A pontra szamitjuk ki a
fliggvényértéket ¢€s feltételezve azt, hogy a minden egyes iteracional a fenti sorfolytonos
irany szerint haladunk irhat6 (mivel a C és D pontokra a k-ik iterdcidban mar szamoltunk

figgvényértéket, mig a B és E pontokra még csak az ezt megeldz6 iteracids 1épésben):

Pros =Cof + Doy +Bpy ' +Ep™

Megjegyezziik, hogy az eljaras feltételezi, hogy mar az elsd iteracio el6tt valamennyi
racspontban van valamilyen (a peremfeltételek miatt rogzitett vagy masutt valamilyen
kozelité) megoldas. A Gauss-Seidel eljaras bizonyitottan konvergens, azonban a gyorsabb
szamitasi végett gyakran végziink szukcessziv tulrelaxéaciot (succesive over relaxation
kezddbetliibdl roviditve SOR), amely a k-ik 1épésben a Gauss-Seidel eljarassal meghatarozott
értéket egy konvergencia gyorsitd faktorral sulyozza, de figyelembe veszi az ezt megel6zo

iteracios lépésben meghatarozott értéket is:

K K k-1
Posor = Ppc-s T 1+ Z')(DO,SOR

Ezen formulaban a konvergencia gyorsitd faktor(r) csak szimmetrikus egyiitthatomatrix
mellett hatarozhaté6 meg analitikusan (a Gauss-Seidel eljaras iteracios matrixanak spektralis
sugarabol, ami normabdl szdmithatd), mig esetiinkben az egyiitthatomatrix nem szimmetrikus
volta miatt értékére csak becslés adhatd. A becslés a konvergencia gyorsitd faktor valos

részére vonatkozik, a képzetes résznek stabilizalo szerepe van.
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Pontszert elektromos dipo6lus forras felszini EM terének
meghatarozasa 2D-s esetben (FEM 2.5D modellezés)

Azt a feladatot nevezziik 2.5D-snek, ahol 2D-s szerkezetet feltételezve az elektromos vagy
magneses gerjesztés pontszeriinek tekinthetd. Ebben az esetben a pontforras tere 3D-S.
Ekkor a megoldasnak eleget kell tennie a forras tagokkal bévitett Maxwell — egyenleteknek.
Haromdimenzios forrasok - elektromos és magneses dipolusok — 2D-s szerkezetek folotti
terének meghatarozasara a Maxwell - egyenletek a kovetkez6 alakuak [Takacs (1981)]:
Ha az id3szerinti fiiggés '™ alaku, akkor:

rotE =—izu(Hi + M )

rotH = (o +i@e)E + |,
ahol M -a térrészben jelenlevéd magneses dipolus forrds momentuma, j,az elektromos

forrastdl szarmazd éaramstirliség. A fenti egyenletek az elektromagneses tér helytdl valo

fiiggését a frekvencia tartoméanyban irjak le. Legyen a szerkezeti csapas irdnya valtozatlanul

parhuzamos az X tengellyel és az EM tér tetsz6leges Osszetevdje F. Irja le F viselkedését a

csapas mentén F(x). A Fourier transzformacidé révén a tértartomanyra vonatkozd F(x)

Osszefliggéshez a térbeli hullamszam tartomanyra vonatkozo IE(kX) Osszefiiggés adhato meg.

A ky — t térbeli hullamszamnak nevezziik, és az X vonal azaz a szerkezeti csapas mentén a 2x
tavolsagra esO ciklusok szamat jelenti. Emiatt haszndlatos a térbeli frekvencia elnevezés is, a
dimenzi6 m™. Az egyvaltozds Fourier transzforméacioval megadhato , hogy az eredeti F(x)
térkomponens fiiggvényben az egyes kyx térbeli frekvencidju komponensek milyen
amplitddoval és fazissal vannak jelen. a Amennyiben csak csapds, illetve ddlés iranyu
elektromos dipdlus forrds gerjesztést tételeziink fel, tovabba az eltolasi aramot
elhanyagolhatonak tekintjilk a vezetési aramhoz képest, a komponensekre felirt Maxwell
egyenletek az x szerinti Fourier transzformalt térben adhatjuk meg. Ha a tetszdleges iranyu

elektromos vagy maégneses komponenst F(x,y,z)-vel jeloljik, mely fliggvényrol

feltételezziik, hogy abszolut integralhato, akkor Fourier transzformaltja:
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F(k,.y.2) = [F(xy,2)e "*dx

Az elektromégneses térkomponensek csapdsiranyt derivéltjainak Fourier transzformaltja

pedig a parcialis integralasi szabaly alkalmazaséaval adhaté meg:

I_@F(); 12) grirly = [F(x, y, z)e " ]io +ik, J.F(x, y,2)e *dx =ik F(k,,Y,2)
X —o0

—00

Ha X — o vagy X — —oo akkor valamennyi térkomponens az x=0 helyen 1év6 dipolus forras
esetén zérushoz tart, igy a jobboldali kifejezés elsd tagja is ezért igaz, hogy egy fiiggvény
parcidlis derivéltjanak Fourier transzformaltja az irdny szerinti térbeli hulldmszam ¢&s
maganak a fiiggvény Fourier transzformaltja szorzatanak képzetesegység-szerese. A
komponensekre vonatkozd6 Maxwell egyenletek felirdsakor feltételezve, hogy vizszintes
sikban csak elektromos gerjesztd tér van, tovabba felhasznalva, hogy barmely térkomponens
x szerinti derivaltjanak Fourier transzformaltja a térkomponens Fourier transzformaltjdnak

(iky) — szerese irhatd, hogy:

OE, I oy — €, | oz =—iwuH, (TM1)
OE, /02 —ik,E, =—iouH, (TE2)
ik, E, —0E, /oy =—iouH, (TE3)
0H,/oy—0H, /o2 =0 E, + ], (TEL)
oH, ez —ik,H, =0 E, +], (TM2)
ik,H, —oH, /oy =c E, (TM3)

Az MT 2D-s estnek megfeleld6 HPOL egyenletek itt a TM jeloléstiek, mig az ottani EPOL
egyenleteknek itt a TE jeli harom egyenlet felel meg.
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Forrasmentes térrészre (], = j;, =0) a fenti egyenletekbdl a tobbi térdsszetevd kifejezhetd

~ ~

E, é H, segitségével, ami leegyszeriisiti feladatunkat, mert igy csak két skalar fiiggd

valtozoéra kell megoldast keresniink. Mivel ebben az esetben —ellentétben a MT-hoz képest- a

forrasok tere 3D-s mint latni fogjuk a k, =0 miatt az egyenletek nem lesznek egymastol

fliggetlenek. Az MT moddszernél hasznalt komponens egyenlet csoportositds azonban itt is

elvégezhetd. Torekedjiink arra, hogy az MT H polarizaciohoz tartoz6 egyenletek megfeleldi

szerepeljenek az egyik csoportban tehat a H~X : Ey, EZ komponensek (azaz a HPOL&TM

moduszhoz tartozd komponensek), mig az E polarizacidhoz tartozé E,, H y H,
komponensek a masikban (EPOL&TE moédusz). Egyetlen "tiszta” a TM modduszhoz tartozo

egyenlet van ez a TM1 egyenlet. A masodik TE2 és TM3 egyenletekbdl |:| y »miga harmadik

TE3 és TM2 H, eliminaciéjaval adhato meg:

= OE -
B E i,
oy oz
2 _~
(4K \E _ oH, k&,

k, oE, =
- y + + g
lou oz oy oy

Az igy megadott TM egyenletekben H~x , Ey, Ez komponensek mellett tehat Ex is szerepel.
A TE modduszhoz tartozd egyenletek kozott a TE1 szamu adott. A kovetkezd TE3 és TM2
egyenletekbdl most Ey, mig a harmadik TE2 és TM3 egyenletekbdl Ez eliminacigjaval

hatarozhato meg:

oH, oH, =~ -
oy 0z
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. k?\s  oE, ik oH, ik, ~
- Hz +— - sz
oy o oz o

- ~ o~
(ia)u+k—X)H __ & Tk oH,
o

Itt viszont EX, I:‘Iy , H~Z komponensek mellett I-|X is megjelenik. Annak érdekében, hogy az

ismeretlenek szdma a két mdduszra tovabb csokkenjen, mindkét polarizacional hasonloan
jarjunk el. A "tiszta” polarizaciés egyenletek baloldali két derivaltjat fejezziik ki az
ugyanazon polarizacidhoz tartozo masik két egyenletbdl és azokat helyettesitsiik be a "tiszta”
polarizécios egyenletbe.

A TM ¢és TE modduszhoz tartozd egyenletekben a tavvezeték egyenletekhez hasonldan
folytonos impedancia €s admittancia értékeket definialhatok a kovetkez6 modon (Stoyer ,

1976):

M=o (1—::—Xz - TM impedancia
k2 . .
CE=iou (1—k—X2) - TE impedancia
v =lou - TM admittancia
vi=0o - TE admittancia
Itt a MT-hoz hasonléan k® = —imuo.Az impedancia és admittancia értékeket helyettesitsiik

be a TM és TE mdduszhoz tartozé egyenletekbe, és bevezetve a

&=(ke—k?)"

jelolést a TM moduszra a kovetkezo parcialis differencial egyenletet kapjuk:
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TE moduszra vonatkozoan a parcialis differencidlegyenlet hasonldéan kapva meg, irhat6:

0 iEaEx 0 iEaEX +ikxa_§aHx .kxa_gﬁHX +UEEX=
oy\ = oy o\ ¢~ oz oy oz oz oy

- . 0 -~
= _Jsx + Ikx 5(‘5 sz)

Ez a két egyenlet csupan az E, és H, komponenseket tartalmazza, azonban a TM

moéduszhoz tartoz6 egyenletben igy megjelenik a 2D-s MT — t0l eltéréen a csapas iranyu

elektromos tér, illetve a TE modusz egyenletében a csapés iranyl magneses tér. Osszefoglalva

a sikhullamu esethez képesti kiillonbséget megallapithato, hogy
- ezen feladat a Fourier transzformalt térben oldhaté meg
- két modusz kozott csatolds van

- a feladatot leird egyenletekben a forrasbol eredd tagok is megjelennek.

A két forraspolarizacié vizsgalatakor vagy csapasiranyu, vagy ra merdleges és vizszintes (y)

iranyu gerjesztést tételeziink fel. E16bbi a TE , utébbi a TM mddusznak felel meg. Az eddigi

levezetésekben egylitt kezeltiik a két gerjesztést. Felirva a TE mdodusznak megfeleld parcialis

differencial egyenletrendszert:

_9 LMGHX _9 iMaHx —ikxgﬁﬂkxﬁﬁ +0oMH, =0
oyl c™ oy | ozl oz oy oz o oy

_Q[LGEXJ a[iaEx}ik ogoH, . 0¢oH, = _ -

E T A E X X +v x = ")
oy\ &= oy o\ ¢~ oz oy oz oz oy

Teljesen hasonldan a csapasiranyra merdleges gerjesztés mellett (TM mddusz):
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Az egyenletrendszer megoldasa soran minden egyes racspontra a Fourier transzformalt csapas

iranyu elektromos és csapas irany magneses komponenst (E, és H ) hatarozzuk meg.

Véges kiilonbséges megoldas

A bemutatni kivant mddszer egy Otpontos racsmodszer, azaz a kdzépsd racspontbeli
figgvényértéket a négy szomszédos racspontbeli fliggvényérték linearis kombinacidjaként
adjuk meg. Swift majd Stoyer alkalmazta mas jellegli gerjesztésekre ezt a tavvezeték(feliilet)
analogiat els6k kozott, melynek az a 1ényege, hogy a modellezni kivéant térrészre (derékszogl
négyszog) halot fektetve valamennyi , racselemenként folytonos paraméterrel jellemezhetd

racsrészlet diszkrét aramkori elemekbdl felépitett aramkorrel helyettesithetd (3.4bra).

T o 44
diurer | Smpmen 2 !

a <

b 2

Olyo zolf ¥ § -
Svpven | Smrmem_ |G
By, 3 bys
By

3.abra
fgy a kozépponti és a szomszédos racspontok kozott diszkrét impedanciak (Zi), csatoldtagok

(Ci), mig a kozépponti racspont és a fold kozott diszkrét admittanciak (Yo) adhatok meg. A
diszkrét impedancidk és admittancidk a cellaclemenként allando fizikai paraméterek €s a racs
geometriai jellemzdinek fliggvényei, mig a csatolotag fiiggetlen a rdcs geometriatol (a két
modusz kozotti csatolas annal nagyobb, minél inkabb eltavolodunk a modellezés soran a

tavoli zonatol). A tavvezeték feliilet analogiat felhasznalva csapas irdnyu gerjesztést
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feltételezve az alabbi véges differencia egyenletrendszer adhato meg az abran lathato

racsrészletre:

C.

- _—H ~ ~
Z IX_ZE + . OX)+Y0E EOX = _JSOXAyAX

Ebben az egyenletrendszerben a TM moéduszra definidlhatd diszkrét impedancia (az 1-es és
centralis racspont kozott) €s diszkrét admittancia, tovabba a modusztdl fiiggetlen csatolotag a

kovetkez6 alaku:

1 2 [AyR AyLJ
ZlM élll é/l

Yo' =AY Az 0" + AYRAZ U + AYRAZ Uy +AY Az Uy

o =2k &)

Ha a gerjesztd dipolus forrds merdleges a szerkezeti csapas irdnyra, akkor teljesen hasonlo
véges differencia egyenletrendszert lehet megadni, az eltérés a jobb oldalon az inhomogén tag
vonatkozasdban van csupan. A forrastagokat elosztott paraméterként kezeljiik csapas iranyban
kiterjedés nélkiil. A csapas iranyu forrastagot két (egymadssal é€rintkezd) negyed cellaban
elkenten képzeljiik el, mig a d6lés iranyu forrastagot egyetlen cellaban elkenve. Ez utdbbit az
indokolja, hogy a forrastag y- és z szerinti derivaltjat kell venni.

A véges differencia egyenleteket 0szlop folytonosan balr6l jobbra haladva egy olyan

egyenletrendszert kapunk, melynek [Q] egylitthatomatrixa nem szimmetrikus, 4mn*4mn

elemet tartalmaz €s blokk tridiagonalis struktiraja van. Az alkalmazott racsokra altalaban az
jellemz6, hogy t6bb oszlopuk (n) mint soruk (m) van. Az ilyen tipust egyenletrendszerek
egyik lehetséges megoldasi modja a blokk tridiagonalis LU dekompozicid, melynek 1€péseit a

kovetkezOkben adjuk meg.

(920

LUl

[QIX ={F][MLINL X =[LJulx = {chi}[o]k fol Al N} X =
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Itt valamennyi (6sszesen n) blokk 4m*4m-es méretii matrix.
Az LU dekompozicioknal szokasos [U ])Z =Y egyenletet bevezetve az elsé 1épés az [L]V =S
megoldasa, mely rekurziv médon adhaté meg:

Y, =S, Y, =

Lol
|
~
M
—
—
2,
T L
<
L
!
N
w

...... n LU2

Ha mas tipust forrasunk van, vagy mas helyen van a forrds - R - a megoldast az elézéen
teljesen lehet megadni, azaz:

Y, =R, Y, =R, -[F][A]LY., 1=23...n LU3

Melybdl a [U ])Z =Y egyenlet (egyuttal az LU1) megoldasa:

X =[AlY, X, =[A[*'Y, [N} X, ) 1=23...n-1n-2..21 LU4

Az ismertetett megoldas tehat figyelembe veszi az egyiitthatomatrix blokkos sévstruktirajat,
¢s a legnagyobb szadmitdsigényli mivelet a 4m*4m-es méretli [A], blokkok invertalasa
(0sszesen n-szer) lesz. Ennek eredményét ugyanazon frekvencia és model esetén mashol
elhelyezkedd vagy mas tipust forrasra fel lehet haszndlni.

A Fourier transzformalt csapasiranyu komponensek ismeretében a Fourier transzformalt nem
csapasiranya EM térkomponensek a két polarizaciora megadott komponens egyenletekbdl
szamithatok a forrasmentes térrészre. TE mdoduszndl a pontszerli adodipdlust magéban foglalo
(vagy a csapasiranyu adodipolus felezOpontjan dtmend) csapasiranyra merdleges sikban E,

mellett H, és H, lesz zérustol kiilonbozo. E, Fourier transzformaltjat a megfeleld parcialis

diff. egyenletrendszer ( j,, az inhomogén tag) numerikus megoldasa adja, mig a forrastag

nélkiili TE2 és TM3 egyenletekbol H,, mig TE3 és TM2 egyenletekb6l H, Fourier

y’

transzormaltja hatarozhat6 meg:

oE, _

l:I‘ _ B oz _ Ikx 6HX

Y-k K au kE-K? oy
OE,

g oy ik, oH,

© -k K mu KE-K® oz
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Szembetlind a formai hasonlosag, az eltérés a parcidlis derivaltakban, ill. a jobb oldalon 1év6
elso tag elojelében van.

TM mddusz esetén az ad6 dipdlust magaba foglal6 sikban E, mellett H, és E, lesz zérustol

eltér6. A csapasiranyu magneses térkomponens Fourier transzformaltja a csapasiranyra
merdleges elektromos dipolus gerjesztést feltételezd diff. egyenletrendszer megoldasa soran

adhat6 meg. A TE3 ¢s TM2 egyenletekbdl E, , mig a TE2 és TM3 egyenletekbdl E, Fourier

transzformaltjat lehet kifejezni.

oH, _
E _ oz _ |kx aEX
Y-k /K)o k2 -Kk? oy

~

oH, _
~ B 82 |k GEX

_ X

-k KE-K® a2

Annak érdekében, hogy a tértartomanybeli értékeket megkapjuk, a hullimszam tartomanybol

a tértartomanyba valo visszatéréshez inverz Fourier transzformaciot hasznalunk:
17z iky X
F(X,y,2)=— J'F(kx, y,2)e**dk,,
2r 2,

Itt a jelolés ugyanaz, mint a Fourier transzformaci6é definicidjanal. Ha a modellezést az
addodipdlust magaba foglald csapasiranyra merdlegesen végezziik el, azaz az x=0 sikra, akkor

a transzformacio egyszertisodik.

Mivel mind a hdrom z6naban az EM tér elektromos €s magneses térkomponensek gyengiilése
ro3 és/vagy r 2 _ val aranyos ezért az impedancia (Z) abszolut értékére vonatkozd
kifejezésben a tavolsagfiiggés részben kiesik és azt varjuk, hogy az inhomogén szerkezetek
sokkal jobban leképezddnek, mint csupan az EM térerésség komponensek hasznalatakor.

A TE impedancia abszolut értéke:
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kxmax~
E. dk,
2l = 521 - L
RPN OE, _
j-”ax o7 B ik, oH, dk
| (KZ/K* —Diou k?—k? oy *
TM impedancia abszolut értéke:
) oH N
T oz _ ik, OE, dk
> | @—kZ/kHo ki —k* oy |~
iz |_‘Ey‘_
™ |HX| kxmax~
| Hdk,
0

Ezek a formuldk azért hasznosak, mert az impedancia amplitudo tavolsag fiiggése korantsem

olyan mértékli, mint az egyes komponensek tavolsadg szerinti csillapoddsa. Az impedancia

fazisat az MT 2D esetnél megadott mddon szamitjuk. Az impedancia fazisa pedig ugyanazt

az informacidt hordozza a tavoli zoénaban a dipdlus gerjesztésnél, mint az MT 2D-s fézis

érték, ugyanakkor az atmeneti zondban is van frekvencidlis fliggés, ellentétben a kozeli

zOnaval.

A szigortian 2D —s inhomogenitasokat feltételezve a MT —nél a H, komponenst a

csapasiranyt elektromos tér do6lés iranyla valtozdsa hozza létre. Itt az Osszefliggés

Osszetettebb. A dipdlus elektromdgneses terét elsd 1épésben a Fourier transzformalt térben

szamitjuk. A tértartomanybeli H; térkomponens inverz Fourier — transzformacioval adhato

meg, a kovetkezd modon [Pethd (1995)]:

~

O,
17 0 ik, oH
Hz(X!in):_J‘ 2 y2- - 2 2
27 4| 1-K2IK?)iwp k2 -k? o1

X e ikxxdkx
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Ez az inverz transzformécié az adodipolust magaba foglald x = 0 sikban egyszeriisodik. gy a

H; (0,y,z) komponensre irhato:

oE,
1% oy ik, oH
H,(0,y,z)=— o * | dk,
0.y.2) 27rI 1-k2 /D)oy kZ-Kk* oz

A doélésiranya  elektromos dipolusforras esetén a H, (0,y,z) komponens 2D -s
inhomogenitasokra zérus lesz a gerjesztd elektromos dip6lus forrast magéba foglald vertikalis
sikban. A fenti formula alapjan allithatd, hogy minél tavolabb van a megfigyelési hely a
csapasiranyu elektromos dipolus forrastdl, vagy adott adé — vevd tavolsag mellett minél
nagyobb frekvencidn mériink, anndl inkdbb a 2D-s MT —nél megismert dsszefiiggés valik
domindnssad, wugyanis az integrandusz szogletes zardjelében 1évé masodik tag
elhanyagolhatova valik. Jelen esetben mivel az atmeneti zondban is modelleziink a
csapasiranyl magneses tér vertikalis irany szerinti valtozasa is befolyasold tényezd. Annak
érdekében, hogy az inhomogenitds hatasat kiemeljiik itt (TE mddusz) célszerli a normalt H;
amplitudo eloszlast megadni. H, fazisa - mely a korabbiakhoz hasonloan a képzetes és valos
rész hanyadosanak arctan-se — fiigg az adodipolustol vald tavolsagtol, ezért itt is célszerii
elvégezni a homogén esetre torténd normalast. Ez itt kiilonbségi fazis értékek megadasat
jelenti.

Numerikus modellezési példakat és a modellezés sordn szerzett tapasztalokat a segédlet

kovetkezd részében mutatunk be.
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FORMALISM COMPARISON OF 2-D MT AND 2.5-D FEM USING
ELECTRIC DIPOLE SOURCE

INTRODUCTION

The two-dimensional (2-D) problem emerges when the geological structure can be
characterized as an elongated one. The axis of elongation is called as the structural
strike direction. Special attention has made to this situation because the real three-
dimensional situation can frequently be approximated by elongated structure. Besides
the geometry the conductivity is the physical parameter which does not show any
variation along the strike. Two types of electromagnetic (EM) source fields are
assumed: plane wave EM field which is characteristic of magnetotellurics (MT) and
radiomagnetotellurics (RMT) including VLF method utilizing the very low frequency
EM fields of distant transmitters. In the second case the source is finite, it is a
grounded wire. A 2-D model with a 3-D source is called as 2.5-D case. In both
situations we assume e'”time dependent EM field variation and x coincides with the
strike direction. The basic relationships governing the electromagnetic phenomenon
are the Maxwell’s equations. There is no difference in the form of the first Maxwell’s
equation, i.e.:

rotE = —oB/ét (1)
The second Maxwell’s equation for MT: is:

rotH = j (2)
Taking the effect of source term into account:

rotH = j + J, (3)

Where j, = I1ds5(F) making possible a point source approximation.

BASIC 2-D MT FORMALISM

In case of MT if the partial derivative with respect x equals zero and the component
equations of (1) are as follows:

oE, OB, . 4)
(ay sz_ o,
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oE

—r=iauH, (5)
oE
~ =limuH, (6)
oy
Similarly from equation (2) in 2-D MT :
(aHz_aHyj:GEX ™
oy 0z
oH
X =oE 8
pe y (8)
oH
L )
oy

If equations (5), (6), (7) are taken into one set of equations then only E,,H ,H,

components, and similarly in (4), (8), (9) H,,E,,E, can be found. The conclusion is

that independently of the angle of incident the plane wave the EM field can be divided
into two parts, which can be mathematically treated separately. The first mode is
called TE mode, the second is the TM mode. In order to determine the 2-D MT
equations for homogeneous case in the first group the value of magnetic field
components from (5), (6) into (7) and in the second group the value of electric field
components from (8), (9) into (4) can be substituted. In this way the most
comprehensive form for the TE mode is:

0°E, O°E

ayZ + 6ZZX :leuOEX (10)
Similarly for TM mode:
2 2
aayl_:" +% =iauoH (11)

BASIC 2.5-D FORMALISM

The original three-dimensional problem can be reduced to a series of two -
dimensional ones, if the Maxwell’s equations are Fourier transformed into the strike
directional wave number ( ky, ) domain [1]. We apply the following Fourier transform
pair:

Fk,,y.2)= J'F(x, y, z)e " dx (12)
Fx,y,2)= — [Fk,.y,2)e"dk, (13)
2 *,
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The Fourier transform of the partial derivative of the EM field components with
respect x is also needed which is proportional the Fourier transform of the component
itself:

j%e‘”‘*xdx = [F(x, y,z)e ]io +ik, J.F(x, y, z)e **dx = ik, F (K, , Y, 2) (14)
X —o0

—0

For this situation the Fourier transform of Maxwell’s components equations are as
follows:

OE, I oy — €, | oz =—iwuH, (15)
OE, /02 ~ik,E, =—iouH, (16)
ik, E, —0E, /oy =—iouH, (17)
0H,/oy—0H, /o2 =0 E, + (18)
oH, /o —ik,H, =0 E, +], (19)
ik,H, —oH, /dy=0 E, (20)

In this case the two modes can not be separated because the only poor TE component
equation is (18) and that of TM mode is (15). Here TE mode denotes the situation
when the direction of electric dipole source is parallel to the strike and TM mode
corresponds to the case when it is perpendicular to it. However, instead of having three
component it is more comfortable to work with two for each mode. Introducing the
2 2
following notation as k* = -i@uo, ;“":;(1—% , CF=iou (1—%), vV=lou,
vf=c a partial differential equation system can be derived for the two
polarizations. From equations (15)-(20) for TE mode[2]:

- iMaHX o iMaHX ik 8By %9 E vl o (21)
ylc" oy ) al¢™ @ oy &z X oy
B M )
oy\ = oy o\ ¢~ oz oy oz oz oy

Applying the same equations it can be derived for TM mode:

LS A E Ry EE L, 2( Jj 9
oy\&"v oy oz\ " oz oy oz oz oy oz\ ¢
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Depending upon the source term there are differences on the right-hand sides of the TE
and TM mode equations. The similarity is that only strike directional EM field
components are in the TE - (10) and (20), (21) - and TM mode - (11) and (23), (24) -
partial differential equations. However, in plane wave situation the two modes
separate, so one equation is enough to describe the problem in mathematical sense,
opposite to the dipole source case when two equations in the strike directional wave
number domain are needed. Having the solutions to these equations in ( k, ) domain
inverse Fourier transform (13) is needed to get solution in the space domain.

EM FIELD COMPONENTS WITH DIRECTION DIFFERENT FROM STRIKE
AND IMPEDANCES FOR THE TWO EXCITATIONS IN THE TWO MODES
In case of plane wave TE mode this component can be expressed from equations (5),
(6) Hy = -— & H, =L %
lou oz lau oy

and for dipole excitation from equations (15)-(20) with the assumption of source free
terms. Using inverse transform (13) for the vertical plane containing the source (x=0):

_OE,
17 0z ik, oH
H. (0,y,z)== S * | dk, 25
 (0.y:2) ;zl 1-k2/kDiou k2-k? oy (25)
_ E _
Hz(O,y,Z)=1f 2ay2- - zlkx 28HX dk, (26)
| A=K Ik®)iou k2 -k? oz

Similarly for TM mode, plane wave situation from equations (8), (9):

_10H, 1 6H,

E, ,
o 0z o oy

For dipole excitation:

~

oH,

o1 ik, OE,
1-k2/k¥)o k2 -k2 dy

E,(,y,2) :iT ( dk, (27)
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_OH,

1% oy ik, oF

E,(0,y,2)== - x| dk, 28
0.y.2) 73l M-k2/k?)o  k2-k? oz (28)

In the integrands the first term is dominant over the second one with decreasing k,
values. The case of k,=0 corresponds to the plane wave situation. Approaching this in
the vertical plane involving the source mainly the same directional variation of the
same strike directional EM field component influences the behaviour of the vertical or
the other horizontal (perpendicular to the strike, y) field components as in plane wave
excitation case. At fixed frequency this situation can be approached by increasing
transmitter-receiver distance which results in lower signal to noise ratio on the receiver
site.

The basic relationship of MT -yields the resistivity over a half-space-includes the
absolute value of impedance and it is the impedance frequency dependence which
ensures the apparent resistivity frequency dependence. In the near-field zone the
horizontal electric and the magnetic fields are independent of the frequency, in the far-
field zone the EM fields decay at the same rate as 1/r’. The region between these two
zones is called the transition zone in which the electric field varies as 1/r® and the
magnetic field decays at a rate between 1/r* and 1/r* and both depend upon frequency
[3]. To get rid of or at least to decrease the effect of EM fields’ decay with respect
transmitter-receiver distance the use of impedances can be suggested even in transition
zone neighbouring far-field zone. On the other hand it can result in the connection
between MT and controlled source FEM apart from near-field zone. For TE mode at
first plane wave case (using (5)):

_E e E
|ny|_|Hy|_|8Ex | (29)
0z
For strike directional dipole source:
kxmax~
| !Egmx
|ZTE|= - = (30)
‘Hy‘ K aEX _~
JT‘"“ oz B ik, oOH, dk
2 | (/K =Diwu kZ-k? oy |
In the TM mode for plane wave:
| | | oH,
e I
Z, |=t O 31
TR )
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If the source is perpendicular to the strike then:

_~

) oH, N
j‘wx az |kx aEX dk
e | QK /K)o K-k oy |
E
|ZT|\/| | = |Hi| = kxj’axq N (32)

The vertical magnetic field determination has special significance in geological
interpretation [4]. For example in RMT this is the EM component which can not be
found in the primer EM field opposite to the horizontal electric dipole excitation. In
this second situation the use of normalized vertical magnetic field is suggested to the
homogeneous case. The use of impedance amplitude and phase is also recommended
because on the basis of it current channelling and charge accumulation can be
analysed for 2.5D case [5].

SUMMARY

In this paper emphasis was put on the comparison of the formalism of plane wave
and electric dipole excitation for elongated conductivity structure. Only strike
directional EM field components are in the TE and TM mode partial differential
equations. The two modes separate in plane wave excitation and they are coupled in
2.5D FEM. After the partial differential equations the determination of EM field
components different from strike direction and impedances were also presented. The
formalism is more complicated for 2.5D FEM case, because there are more influencing
factors comparing with 2D MT. From the formalism it is obvious that measurement
and modelling data can be compared for the far-field zone.
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COMPARISON OF 2-D VLF AND 2.5-D HED'S FAR FIELD
REGIME EM FIELDS

Petho Gdborl,F icsor LajosZ,Szabo' Istvan®
Dept. of Geophysics®, Dept. of Information Technology?
University of Miskolc, 3515. Miskolc-Egyetemvaros, Hungary

INTRODUCTION

VLF method applies the very low frequency EM fields of distant transmitters in the
frequency range of 10-30KHz. If the investigated conductivity structure is elongated
along the structural strike and the source field is an EM plane wave, then the problem
Is a poor 2-D one. In the second case the EM source is a horizontal electric dipole
source which is finite and it can be considered as a point source in the structural strike.
A 2-D model excited by this 3-D source is called as 2.5-D situation. For these two
situations the partial differential equations are derived and their solutions are also
presented in [1]. In case of elongated conductivity structures special emphasis has to
be put on the source polarization. Distinction is made between TE mode —when the
electric source field is parallel to the strike- and TM mode, if the magnetic source field
is parallel to it. Assuming horizontal electric dipole (HED) source field (just like in
case of other dipole source with e'™*time dependency) three zones can be separated [2]
over the surface of the homogeneous half-space: far field when horizontal E, H decay
as 1/r® (r denotes the transmitter receiver distance) and the penetration depth depends
on frequency and resistivity; transition zone in which the electric field varies as 1/r°
and the magnetic field decays as 1/r* to 1/r® and both depend upon frequency. The
third zone is the near-field zone in which the horizontal E and H are independent of the
frequency, E decays as 1/r° and H as 1/r°. In the near-field zone the penetration depth
can be controlled by the geometry opposite to the transition zone when besides the
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geometry the frequency is also an influencing factor. Numerical modelling results
were presented in [3] [4] where the source polarization effect was investigated
covering actually the whole transition zone. In this 2.5-D investigation the part of
transition zone bordering the far field zone will be compared with the poor 2D MT
case at 16 KHz frequency.

MODELLING IN THE TWO MODES FOR THE TWO EXCITATIONS

The inhomogeneity is an elongated prism with a square 8m*8m cross-section. Its
resistivity is 15 ohmm and it is imbedded into a homogeneous half-space of 30ohmm.
It is located at different depths: 0, 2, 4, 6, 8m and the axis of the prism is parallel to the
surface. For the two kinds of excitations different grids were applied for the finite
difference (FD) modelling of EM fields. However, in the vicinity of the inhomogeneity
the same grid elements (2m both in horizontal and vertical
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1.Fig. VLF TM mode app. resistivity over conductive inhomogeneity
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direction) were used to decrease the error coming from the computation of secondary
components in mathematical sense. In order to meet this requirement

greater grid size has to be applied in the course of the 2.5-D numerical modelling to
compare with the 2D procedure. In HED 2.5-D modelling the transmitter receiver
distances were 150m < r> 240m resulting in 7< r/p >11 at f=16KHz, where p denotes
the skin depth. For VLF and HED excitations in the two polarizations the apparent
resistivities were calculated from the absolute value of impedances ( given by
equations (29)- (32) in [1] ) on the basis of Cagniard formula. In case of VLF plane
wave excitation symmetrical responses were computed (Fig. 1. and Fig. 3.) opposite to
HED excitation (Fig. 2. and Fig. 4.)

The galvanic effect is similarly presented in TM mode for the two excitations. This
effect is especially pronounced if the inhomogeneity has a surface outcrop or it is
situated very close to the surface. The cause of asymmetry over the symmetrical
structure in case of HED source in TM mode in Fig. 2. is the decay of primary field
with increasing transmitter receiver distance. In the other polarization in TE mode
current channelling is dominant. Its effect on the apparent resistivity is less then that of
the galvanic effect of TM mode. The cause of deviation from the homogeneous half-
space resistivity value in HED excitations can be the numerical evaluation of
secondary components ( E, in TM mode and Hy in TE mode, equations (27) and (25)
in [1]). Taking the differences between apparent resistivities of inhomogeneous and
homogeneous situations it can be stated that in this r/p range both effects are described
in HED excitation similarly as in VLF excitation. Additional investigation is suggested
for apparent resistivity phase comparison. Assuming this r/p range the substitution of
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VLF by HED excitation can be accepted and in the shortage of operating transmitter it
can be suggested in the point of view of apparent resistivity.

The vertical magnetic field of TE mode in VLF and that of HED excitation were
determined according to equations (6) and (26) in [1].The normalized vertical
magnetic field amplitudes are presented in Fig. 5. and Fig.6. and the normalization was
made to the H,n.x amplitude over the inhomogeneity of 2m depth in case of VLF in
Fig.5, and to the homogeneous half-space in Fig. 6 assuming HED excitation,
respectively. The geological significance of vertical magnetic component is presented
by [5]. Just like in magnetotellurics it has structural inhomogeneity origin in VLF, and
it is an EM physical quantity preferred in interpretation [6]. The vertical magnetic field
component is present over homogeneous half-space excited by HED source on the
surface. From the comparison of TE mode numerical modelling results it can be stated
that the resolution of vertical magnetic field amplitude is better in case of VLF to
compare with that of HED source. Opposite to resistivity measurements the
substitution can not be highly recommended, and the resolution of the vertical
magnetic field component can be even worse to compare with that of VLF if there is
more then one near-surface inhomogeneity.

SUMMARY

In this paper emphasis was put on the comparison of the EM responses over a near
surface inhomogeneity due to plane wave and electric dipole excitation. The imbedded
inhomogeneity was located at different depths. From the mathematical formalism [1] it
IS obvious that measurement and modelling data can be compared for the far-field
zone. In this paper the EM responses were gained by FD method in both situations.
Because the transmitter-receiver distances in case of HED excitation at this frequency
of VLF range was large enough the 2.5-D EM modelling was carried out practically in
the far field zone. Physically this is the reason that there must have been similarity for
the two situations. On the basis of numerical modelling it can be stated that VLF
resistivity measurements can be replaced by HED source excitation if the ratio of the
transmitter-receiver distance to skin depth covers the range applied here.
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Introduction

Practical CSAMT measurements are frequently made not only in the far-field zone but also in
transition regime. For homogeneous earth there is a relatively smooth transition from far-field
to near-field behavior. In nonhomogeneous environments this transition zone behavior
becomes complex and depends upon the type of configuration, separation and resistivity
distribution. Special attention has to be made to resistive basement overlaid by conductive
layer model which supports the reduction of plane-wave regime (Wannamaker, 1997). The
aim of this paper is to present a numerical modeling of 2.5D EM response and to examine the
effects of surface inhomogeneities in TM and TE mode covering the part of the far-field zone
neighboring transition zone, the transition zone approaching the near field regime.
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Method

To solve 2.5D EM problem numerically the key is to Fourier transform of Maxwell’s
equations with respect to the structural strike (x). For TE mode when electric source parallel
to the strike the following equations can be derived:

_ﬁ(iMaHx]—ﬁ(iMaHXJ—jkxa—f£+jk %, Ly _g (1)

oy\¢"v oy oz\¢" oz oy O oz oy

_g(%aEXJ a[ 1 OE, J k. o8 oH, +J'kxa—§%+YEl§x=—Ex )
oy\¢® oy ) az\¢F @ Yoy o oz oy

If the electric source is perpendicular to the strike then:

_z[iaij_g[iaHxJ_,-kxa_wE i 04 %, YHQ{J )
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where fz(kf—kz)fl, k denotes the wavenumber, and from the transmission sheet
formulation Y™ = jou (TM  admittance), Y© =(o+ jwe) (TE admittance),
£F =(1-K?/K2)YM (TE impedance), ¢™ = (1—k? /k?)Y® (TM impedance).

The partial differential equations above can be finite differenced with the method of
parameter lumping applied by Stoyer (1974). After the solution of the linear systems
belonging to different k; values numerical inverse transform was used to determine the in-
strike and off-strike EM field components.

Numerical Model Results

The investigated models and configurations are summarized in Fig. 1. The selected basic
model (1D hom.) reflects the geoelectric parameters of a basin area: the resistive (100 ohmm)
basement is overlaid by less resistive (20 ohmm) layer with thickness of 2000 m. 1D cond.,
1D res. models correspond to the three-layered 1D model with resistivity of top layer 5 ohmm
and 80 ohmm, respectively. The inhomogeneous model with a conductive embedding
(referred as 2D cond.) in a two-layer earth is shown in Fig. 1. The resistive inhomogeneity
(2D res.) has the same geometry as the conductive one. If both the transmitter and receiver
electric dipole are parallel to the strike (Tx —Ry array, broadside configuration) TE mode, and
if they are orthogonal to it (T, — Ry array, collinear configuration) TM mode terms are used.

Oml— "~~~ 7800w __T8400m
Ry
/
X Rx
5Qm
- - 2 i—
Y 1000m| 20
- _ 20Qm
1D hom. : 20-100 Om, h=1000 m 1000 m
1D cond: 5-20-100 Q m, 200-800 m
1D res. : 80-20-100 Gim , 200-800 m
2D cond.: inhomogeneity 5 Qm

2D res.: inhomogeneity 80 Om
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Fig.1. Model description

The EM responses were determined along the transmitter-receiver line perpendicular to the
strike with separation interval of 7450 m <R < 8550 m in the frequency range of 100 Hz < f <
0,1 Hz. The 2.5-D code was applied to compute 1D EM responses and was compared with the
reference responses calculated by linear filter theory (Adam et al., 1983) for the same 1D
hom. model. On the basis of this comparison the error of impedance amplitudes was less than
4.5 per cent and the error of impedance phases was within 2 degrees in this separation and
frequency range. To achieve this accuracy 27 wavenumbers with logarithmically equidistant
distribution and three grid geometries were needed. Fourier spectrum of EM fields were
determined for inhomogeneous cases, and it can be stated that ke max = 0.005 m™ was
sufficient except at nodes lying at the boundaries. The grid sizes were 129x31, 150x50,
249x50.

Instead of Cagniard resistivities the impedance amplitudes are presented in Figures 2.-5.,
because only the left part of sounding curves (where the impedances are independent of the
configuration for a given separation) reflects the far-field zone. The main characteristics of
these impedance sounding curves that they show the presence of resistive basement, because
separation distance is greater than the thickness of the overburden, and the EM responses are
determined at those frequencies also where the skin depth for the overburden exceeds its
thickness. Even in the simplest two-layered basin model (1D hom.) at the receiver the
attenuated EM fields propagating in the conductive layer interfere with the waves coming
from the resistive basement causing minimum in the impedance soundings. The interference
is more complicated if the overburden contains two layers. Characteristics transition notch
shoulder develops after the far-field zone if the overburden contains conductive layer. All
computed impedance phases show abrupt decrease in the beginning of the transition zone
neighboring far-field zone. The presence of top conductive layer or conductive inhomogeneity
in collinear configuration results negative phases of impedance. All phases tend to zero with
increasing time period approaching near-field regime. The difference between the 2D cond.
and 1D hom. impedance responses for broadside configuration (Fig. 2. and 3.) is caused by
the excessive current flow along the axis of the inhomogeneity. The induction effect is not so
considerable if the inhomogeneity is resistive. This behavior is similar to 2D MT TE mode.
For less separation (Fig. 3. and 5.) the frequency range of far-field zone is reduced, resulting
in transition notch at higher frequencies. If the overlying layers contain conductive one then
the transition notch is more pronounced (1D cond.). In the near-field zone both the electric
and magnetic fields are saturated and impedances tends to constants depending upon the
separation and the apparent resistivity belonging to DC. For homogeneous half space models
with resistive basement they are proportional to the total conductances.

For collinear configuration even in case of homogeneous half-space (5 ohmm < p < 100
ohmm) characteristic transition notch forms within the separation and frequency range
investigated here. This notch becomes steeper in the presence of conductive overburden. The
two effects can not be separated on the sounding curve, and the upper conductive layer
enhances the steepness of the transition zone notch. This stronger tuning effect can be
observed in Fig. 4. and 5. For TM node where the skin depth is very large to the size of the
inhomogeneity then static effect is experienced. The gradual development of this effect can be
observed in the function of frequency. On the conductive side the electric field of the charge
distribution reduces the primary electric field making the conductive part even more
conductive (Fig. 4., right part of 2D cond. response) and making the resistive part even more
resistive (Fig. 5. right part of 2D cond. response). This galvanic effect can be seen in case of
resistive inhomogeneity also.

46



ZX [Ohm] ZX [Ohm]

03 03
02 TE MODE R=8050m 02 TE MODE R=7450m

0.10 — 1D hom.
009 N 1D cond.
0.08 1D res. 1D hom.
007 2D cond. 2D cond.
0.06 2D res. 2D res.
0.05
0.04
0.03
0.02

0.01 — 0.01 —
0.009 — 0.009 —
0.008 — 0.008 —
0.007 — 0.007 —
0.006 — 0.006 —
0.005 T T T T 1717 T L R R 0.005 T T T T T T T T

0.2 03 04 05 060.70.80.9 2 3 4 5 6 789 0.2 03 04 05 0.60.70.80.9 2 3 4 5 6 7 89
0.1 1.0 10.0 0.1 1.0 10.0
Sqrt (T) [sec 1/2] Sqrt (T) [sec 1/2]
Fig. 2. TE impedances in the inhomogeneity Fig. 3. TE impedances near the boundary
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Fig. 4. TM impedances in the inhomogeneity Fig. 5. TM impedances near the boundary

Conclusions

A finite difference method in the (ky,y,z) domain was applied to present how EM fields are
distorted by 2D surface conductivity inhomogeneities in both TM and TE mode. The
impedances were determined in the part of far-field zone close to transition zone, in the whole
transition zone approaching the near-field regime. For the host 1D model with resistive
basement the tuning effect was stronger in the collinear array than in broadside configuration.
For the investigated 2D inhomogeneities the impedances of TM and TE mode were reflecting
similar tuning effect as 1D models with relatively unchanged position of transition notch. In
TE mode EM responses are distorted by current channeling in strike direction. In TM mode
significant static shift at lower frequencies covering the range of the transition regime can be
experienced. The method presented here can be used to investigate the superposition of these
effects in the transition zone and may serve to interpret EM responses over elongated
conductivity structure.
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Introduction

Controlled source frequency domain electromagnetic (FEM) methods apply either magnetic
or electric dipole sources. In both cases they can work in different zones defined by the
product of wavenumber and separation. In this paper some detectability aspects of FEM using
horizontal electric dipole source are studied with emphasis on the transition zone and its
vicinity. From the interpretation point of view the ideal situation is to measure in the far-field
regime for all frequencies at any separation (r). For homogeneous earth it fulfils when
I, > 60 where o denotes skin depth. If measurements are also proposed in the transition

zone, this restriction has a form of r .. > 0,25 given by Kaufman and Keller (1983). In these

min

two regimes both electric and magnetic field depend on frequency and resistivity.
Numerical modelling

Even for homogeneous half-space in the transition zone the amplitude of electric field
component has a minimum in the function of frequency at a given separation, and the
minimum is more pronounced for collinear configuration compared with broadside array.
This minimum contributes to the development of transition notch. The relatively smooth
transition behaviour of homogeneous earth from far-field to near field zone becomes complex
for inhomogeneous environments even for horizontally layered earth. Numerical modelling
showed that this transition zone response depends on not only the resistivity distribution but
also the type of configuration. For example not far from the source over H-type horizontally
stratified half-space if the effect of conductive sandwiched layer and the transition notch
appear at the same frequencies, their superposition results in tuning effect on the resistivity
sounding curves belonging to collinear configuration (Balint and T6rok, 2000). Using the two
configurations or other EM methods this masking can be resolved. It was also found by Zonge
and Hughes (1991) that the transition notch is more pronounced in areas where a conductive
layer lies above a resistive basement. In this situation the source fields enter the basement and
may diffuse to the receiver with relatively little attenuation, promoting near-field behaviour as
discussed by Wannamaker (1997).

The main goal of this study is to compare TM and TE mode responses in case of elongated
underground inhomogeneity hosted by resistive basement when separation-frequency range
covers the part of far-field zone neighbouring transition zone, the entire transition zone
approaching the near-field regime. In order to do it we apply a 2.5-D finite difference program
developed by Pethd and Ficsér (2001) and to enhance the effect of inhomogeneity normalized
impedance sections compared with background are presented. This transformation can be
useful in detectability. For TE mode (broadside configuration, T, —R, array in Fig. 1. when

electric source parallel to the structural strike (x)) and for TM mode (collinear configuration,
T, —R, array when horizontal electric dipoles are perpendicular to the strike) two partial

differential equation systems were derived and solved in the Fourier domain (Pethd & al.,
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1995). To avoid unrealistic apparent resistivity changes caused by the application of MT
Cagniard resistivity definition for the transition zone and near-field regime the sections are
presented in terms of impedance. Other reason of impedance use is that in the three zones E
and H decay as r~ and/or r, so the EM fields attenuation with separation can be avoided.
On the surface, in the plane perpendicular to the strike and containing the source the
impedances and their phases can be given after inverse Fourier transforms:

Ky max
[ E.dk,
E
2= el L L 9z =actan(E, H,) (0
‘HY‘ K aEx ~
er 0z _ ka 8Hx k
D1 KE/KE-1) jou KE-KE @y |
- oH, ~
J‘ oz _ ka aEx dk
JIL-K /K)o ki-k? oy |
E
|ZTM|:|‘Hy‘|: — : #(Z,) =arctan(g,,H,) (2)
' A dk,

In these equations k, stands for the along-strike wavenumber, k denotes the wavenumber.

The investigated model can be seen in Fig. 1. The applied frequency range was 2.5 MHz >f >
1 KHz. The impedance amplitude sections are presented in Fig. 2., and impedance phase
sections are in Fig. 3. In both Figures TM mode responses are on the left, and TE mode
responses on the right. Normalizations are made here to the two-layered half-space model to
recover information from the transition zone which is still sensitive to the frequency and
conductivity distribution (to enhance the EM distortion effect caused by the inhomogeneity
i.e. to increase detectability, normalizations are suggested to the appropriate 1D model in
general case).

R
omp—------- T
Ty Ry
X /
Tx R§

2-D INHOMOGENEITY

Fig. 1. Model description
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In contrast with 2D MT there is a coupling between the two polarizations. It means that due to
the 3D character of the source galvanic effect and current channelling simultaneously can be
experienced in both cases for the hosted conductive elongated inhomogeneity. In this situation
— similarly to 2D MT TM mode — the TM mode has a better resolution than TE mode in term
of impedance amplitude due to the pronounced galvanic effect. Even for homogeneous two-
layer case extreme slopes of impedances can be observed for collinear configuration and
transition notch developes. Because impedance phase is proportional to the derivative of
resistivity, negative phases can be observed in the collinear array. For the purpose of imaging
impedance phase measurements are even more suggested. However, accurate measurements
(very high signal to noise ratio, dense sampling in frequency domain) are needed because the
greatest EM field changes can be observed in the transition zone. It can be also stated that this
transformation in the separation and frequency domain can not be proposed if the
inhomogeneity situates between the transmitter and receiver (i.e. the inhomogeneity is not
under the receivers). Normalized impedance (including amplitude and phase) seems to be a
reliable parameter to recover information of transition zone and enhance the EM distortion
effect of the inhomogeneity if the series of receivers completely covers the near-surface
inhomogeneity.
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FEM Source Effect Investigation with 2.5D Numerical Modelling

If there is a horizontal electrical dipole (HED) source the closeness of the source results in non-
planewave effect at the receiver site. This source effect cannot be observed in the apparent resistivity

of the far-field zone because both EM components have 1/ r® dependence. In the transition zone E is
proportional to]/ r®, while H offset dependence gradually changes into ]/ r* approaching the near-

field zone. In the near-field zone E is proportional to ]/r‘°’ and H decays as ]/r2 and neither EM

component has frequency dependence. This non-planewave effect manifests itself in different ways at
collinear and at broadside configurations. For example in the transition zone the amplitude of electric
field component has a minimum in the function of frequency at a given separation, and the minimum
is more pronounced for the collinear configuration compared with the broadside array. This minimum
contributes to the development of transition notch. The source polarization effect was presented by
Peth6 and Ficsor (2001) for elongated surface inhomogeneities under the receiver site. The
development of shadow and source overprint effects is due to the conductivity inhomogeneity between
the source and receiver site (Zonge and Hughes, 1991). In this paper the source effect is referred to as
source overprint effect if there is a conductivity inhomogeneity directly under the source, and it is
referred to as shadow effect when the inhomogeneity is not situated under the source, but it is
between the transmitter and receiver site. In the paper these effects are investigated for elongated
conductivity structures with HED sources treated as point sources.

2.5D numerical modelling of source effects
Opposite the MT fields in the 2.5D situation the two modes cannot be separated. Here TE mode
denotes the situation when the direction of electric dipole source is parallel to the strike, and TM mode

corresponds to the case when it is perpendicular to it. If j = 1dSS(F) , a point source approximation
can be applied. Following the procedure of Stoyer and Greenfield (1976) two partial differential
equation systems can be derived for the two polarizations in the strike directional wave number (k)
domain, which are (1), (2) for the TE mode and (3), (4) for the TM mode:

a[ 1 aHX] 6[{1 aHXJ_.k Q£0Ey L PN | mp o

Moy Tl ) Koy e e oy 0
_O0| 1 OEx|_ 0| 1 0By +ikX%aH_x_ikX§aH_x +UEEx=—JTsx
oy|\¢E oy 2\ (B oz oy oz oz oy B
_of 1 oHy) of 1 aAy) , osdEy . 050k wpg __of ]y
oyleM oy | az(¢gM @ oy &« Yo oy oo e M o

of 1 0B of 1 oE),, 260, , S50 ez _u 9(7
_6y[é'E 8yJ az[é,E oz ]Hkxay P iky o oy +0 Ex—lkxay(gjsy)(dr)
2

. k2 . k .
where k2 =—iguo, §M=a(1—k—’2<), §E=|a)u(1—k—)2(),uM=la),u, vE=0o. In course of FD

modelling the electric source term perpendicular to the strike was treated as a distributed parameter in
a rectangular grid element. The investigated models are summarized in Fig.1.
The applied frequency range was 268.3Hz > f > 0.1Hz . In the course of FD modelling three grids

(50x249, 45x180, 42x128) and 27 strike directional wavenumbers were applied.

Numerical inverse Fourier transforms were applied to determine the spatial solutions. In this way we
received an agreement within 2.5% for the impedance amplitude sounding curves, and an agreement
within 1.5° for impedance phase frequency sounding curves calculated by 1D and 2.5D codes over
the two-layer half-space model of Fig.1. Three 2D models will be investigated in the paper. If there is
only one hosted conductive block, it is either directly under the source or it is under the receiver at
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greater depth. The most complicated model involves both blocks of 50hmm. To test the 2.5D code
reciprocity theorem was also applied. The EM responses were determined with interchanged positions
of transmitter and receiver as well over the model with embedded conductivity block under the source.
For the two "measurements” the difference between the electric field component amplitude sounding
curves was not more than 0.7%, and the difference between the electric field component phase
sounding curve was less than 0.2° for the two modes.

R

————————— T T
3300m, ,3700m

20ohmm

1000hmm

Fig.1.Two-layer half-space with conductive embeddings for source effects investigation

To enhance the effects of inhomogeneities -including source effects- normalized impedance amplitude
and normalized impedance phase sections are presented for TE (T,-R, array) and TM (T,-R, array)
mode. The normalization (ratio between impedance amplitudes, and difference between impedance
phases) was made to the EM responses of the two-layer half-space. If there is only one inhomogeneity
under the source, a gradually decreasing source overprint effect with increasing R can be recognized in
Fig.2. This effect is approximatly 5 times greater for TM mode than for TE mode in this case.

100 Hz 100 Hz
1.05 1.5
1.15
1.03
10 Hz 10 Hz 105
f 1.01 f
0.95
1Hz 0.99 1Hz
0.85
0.97 0.75
0.1 Hz 0.1 Hz
0.65

3000 3200 3400 R 3600 3800 4000m0'95 3000 3200 3400 R 3600 3800 4000m "
Fig.2. Normalized impedance amplitude sections for TE mode (left) and TM mode (right)
over the model with conductive inhomogeneity under the transmitter

The shadow effect for the hosted conductive body under the receiver develops because of the stronger
attenuation of the diffusive EM fields in the conductive inhomogeneity. On the basis of the normalized
impedance amplitude and impedance phase sections horizontal delineation cannot yield good result for
the side of the elongated block away from the source (at 3700m). The shadow effect can be observed
both in the normalized impedance amplitude and phase sections and in both modes in Fig.3. and in
Fig.4. In the TE mode mainly the current channelling and in the TM mode the galvanic effect is
dominant. Here the shadow effect distorts the frequency sounding curves from the right side of the
inhomogeneity with increasing transmitter-receiver range. The use of transmitter on the opposite side
of the inhomogeneity may help in the EM interpretation.
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Fig.3. Normalized impedance amplitude sections for TE mode (left) and TM mode (right)
over the model with conductive inhomogeneity under the receiver
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Fig.4. Normalized impedance phase sections for TE mode (left) and TM mode (right)
over the model with conductive inhomogeneity under the receiver

=y

)

The EM responses in TE mode are smoother than in TM mode due to the continuity of strike
directional electric field component. The impedance phase (i.e. the phase of apparent resistivity)
section delineates better the inhomogeneity than the impedance amplitude section especially in TM
mode. For relatively simple cases (there is only one inhomogeneity or they are distant from each

other) this kind of “imaging” may be useful and it is suggested for both polarizations.

100 Hz 175100 Hz
1.15

10 Hz 10 Hz
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f
0.95

1Hz
0.85
0.75

0.1Hz 0.1Hz
0.65

3000 3200 3400 R 3600 3800 4000 m : 3000 3200 3400 R 3600 3800 4000m

Fig.5. Normalized impedance amplitude sections for TE mode (left) and TM mode (right)
over the model with conductive inhomogeneities under the source and the receiver
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Fig.6. Normalized impedance phase sections for TE mode (left) and TM mode (right)
over the model with conductive inhomogeneities under the source and the receiver

The investigated models with a conductive inhomogeneity (either under the source or the receiver) can
be characterized by mainly impedance amplitude decrease and positive impedance phase shift to
compare with the reference model. In the presence of the two inhomogeneities the superposition of the
EM responses can be observed in Fig.5. and in Fig.6. Because both embedded inhomogeneities are
conductive, additional impedance amplitude decrease and impedance phase increase can be
experienced to compare with the homogeneous case. It is typical that source overprint effect (due to
the inhomogeneity under the source) flattens out the EM responses of the embedding inhomogeneity
(between the source and receiver) horizontally.

Conclusions

The developed 2.5D finite difference forward modelling code makes it possible to investigate the
different source effects in broadside and in collinear configurations as well. The investigations covered
the transition zone. To present these effects impedance amplitude and impedance phase sections were
applied instead of apparent resistivity sections. The normalized impedance phase sections delineate the
inhomogeneity better than the impedance amplitude sections. For the investigated models the shadow
effect develops similarly in the two modes and greater source overprint and non-planewave effect
were observed in TM mode than in TE mode. These source effects manifest themselves
characteristically in the case of simple 2D structures, so numerical modelling may be a useful tool in
the interpretation of the multi-receiver FEM measurements using HED sources. The statements of this
paper can be applied for the models with the same kL (L represents a linear dimension in the model)
dimensionless parameter till displacement currents can be neglected.

Acknowledgement

This research was supported by the Hungarian Scientific Research Fund (OTKA 49479).

References

Pethd6, G., Ficsor, L., Source polarization effect in case of elongated surface inhomogeneities covering
transition zone. 63" EAGE Amsterdam, Extended Abstracts, VVol. 2, P050, 2001.

Stoyer, C., H., Greenfield, R., J., Numerical solutions of the response of a two-dimensional earth to an
oscillating magnetic dipole source, Geophysics, 41., 519-530, 1976.

Zonge, K., L., and Hughes, L.,J., Controlled source audiomagnetotellurics, in M.N. Nabighian, Ed.,
Electromagnetic methods in applied geophysics, 2B, Application, Soc. Expl. Geophys., 713-809,
1991.

56



DIFFERENTIAL EQUATIONS OF FEM USING ELECTRIC DIPOLE SOURCE FOR ELONGATED
STRUCTURES WITH CONDUCTIVITY ANISOTROPY
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H-3515 Miskolc- Egyetemvaros
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Abstract. In this paper the most important relationships are derived for frequency domain 2.5D situation when
the electric source is either parallel or perpendicular to the strike of the anisotropic conductivity structure. From
the Fourier transforms of the Maxwell’s equations coupled partial differential equations are derived, in which
besides the wave number, frequency and the EM rock properties only the strike direction EM field components
and their partial derivatives in the wave number (k,) domain can be found. On the basis of comparison between
differential equations for isotropic and anisotropic case it can be stated that opposite the isotropic situation
second order mixed partial derivative of strike directional Fourier EM field component can be found in the
anisotropic case and except the coefficient of the strike directional Fourier magnetic field component all
distributed parameters reflect the effect of anisotropy. For the solution of the resulting FD linear equation system
instead of the blocktridiagonal LU decomposition the LU decomposition of band matrix is suggested because in
contrast with isotropic case 9 point FD scheme is needed. Finally the equations for the spatial solutions of EM
field components are presented.

Keywords: frequency domain electromagnetics, elongated structures, anisotropy, wave number domain, FD
method, inverse Fourier transformation.

1. Introduction

The geophysical electromagnetic methods apply either natural or artificial source(s) [1], [2]. If the investigated
conductivity structure is elongated and the source field is an electric dipole source, the problem to be solved is a
3D one. If the EM source which can be treated mathematically as a point source, we encounter a 2D model
exited by a 3D source and this situation is called a 2.5D problem. In the course of EM investigation on elongated
conductivity structures exited by electric dipole source special emphasis has to be put on two modes. Distinction
is made between TE mode, when the electric source field is parallel to the structural strike, and TM mode, when
the electric source field is perpendicular to it. Assuming elongated isotropic conductivity inhomogeneities exited
by electric dipole source the partial differential equations were presented by Pethé [3] and besides the
investigation of some effects, different numerical model studies were also carried out [4], [5], [6]. [7]. [8], [9]. In
this study the 2.5D FEM partial differential equations are derived for structures with conductivity anisotropy.

2. 2.5D problem solution in wave humber domain

In the frequency domain electromagnetic methods el time dependent source term is assumed and let x coincide
with the strike direction. The basic relationships governing the electromagnetic phenomenon are the Maxwell’s
equations. One Maxwell’s equation expresses that electric fields result from time-varying magnetic induction:

rotE = —aB/at 1

i, = Ids5(F) makes possible a point source approximation. Involving it into the other Maxwell’s equation:
rotH =i +1i, 2

It represents the fact that the magnetic fields are caused by conduction and source currents. Frequency domain
EM methods usually apply EM fields at low frequencies and the conduction currents dominate over
displacement currents. For this reason the effect of displacement currents in the second equation was not taken
into account.

Generally, the conductivity determining the relationship between the current density vector and the electric field
vector must be a tensor (it is a scalar quantity only for isotropic case). The conductivity tensor has a simple form
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if two of the orthogonal coordinate directions are selected to lie in the direction of maximum conductivity and
the third one into the minimum conductivity. Assuming horizontal layering and the same , conductivity in the x

and y direction and o conductivity value in the z direction we can write:

o, 0 0| |op 0 O
o, 0/=0 o 0

0 oy,
0 0 o, |0 0 o

O =
2z

In the case of magnetic source Stoyer and Greenfield recommended that the solution of the original 3D problem
could be replaced by the series of solutions of 2D problem in the k, wave number domain [10]. To follow this
procedure the Maxwell’s equations (1) and (2) are Fourier-transformed. The Fourier- transformation can be
expressed as:

F(k.y,2) = [F(xy, 2)e " dx
o 4

In the course of the transformation the Fourier transform of the partial derivative of the EM field components
with respect x is also needed:

JEECY D eoae—[F(xy,z)e ]+ i, [FOxy e = Pk y.2) °

-0

If X tends to either + 00 or - oo then any field component approximates zero due to the finite energy of the
source, for this reason the value of expression in brackets must be zero. It follows from (5) that the partial
derivative of any EM field components with respect x is proportional the Fourier transform of the component
itself. Taking into account this statement and the harmonic time dependence of EM fields, the Fourier transforms
of (1) Maxwell’s equation in term of component equations we can write as:

oE .
@_ y__Jw;uHx 6
oy oz
oE o
aZx kaEz - _Jw/tu !
8

JKE, - X =—jouH,

Similarly, if we assume that only horizontal electric dipole source (either in x or y direction) is applied, the
Fourier transforms of (2) can be expressed as:

oH A
a:yz _ aZy =O'tEx +|sx 9
oH, . s e 10
y—]kaz :GtEy+|Sy
jkay_all;yx :anéz 11

The aim of the following derivation is to provide partial differential equation systems with equations containing
only strike direction EM field components in the wave number (k) domain. Separate partial differential equation
system will describe the case of electric dipole source of structural strike direction, which is called TE mode, and
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another partial differential equation system is valid for the source term perpendicular to the structural strike
which is referred as TM mode.

From equations (7) and (11) j|_"|ycan be determined and taking them to be equal we get:

O-n(l_ kxz/an)éz ==

Introducing

oH

X

oy

qn :1/(1_kx2/kn2)

and using the resistivity instead of conductivity from (12)

From equations (8) and (10) jH, can be determined and taking them to be equal we get:
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and using the resistivity instead of conductivity from (15)
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The non-strike directional magnetic field components in the wave number domain can be determined similarly.

From equations (8) and (10) éy can be expressed and taking them to be equal we get:

— jou(1-k2/kF)H, =-

¥y o

From (18) H, can be determined:

From equations (7) and (11) g, can be expressed and taking them to be equal we receive:

jou@-kz2/k A, =-

From this equation |£|y has the following form:
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3. Partial differential equation systems for TE and TM mode

TE mode is the situation when only an electric dipole source of strike direction is applied. Substituting (19) and
(21) into (9) with the assumption of i, =0 in (19) we get (22). The other equation for TE mode (23) can be

derived by the substitution of (14) and (17) into equation (6) with the assumption of i, =0 in (17):

igqaéukxg qaﬁui‘gqaéx_kxg anXJraé:—f 22
a),uay it ay a)'uay P oz ou o7 n oz wu oz Pnbn ay tx sX
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In TM mode the electric dipole source is perpendicular to the structural strike. In order to get the TM mode
equations the same steps are needed as in TE mode, however, here i —o in (9) and iy, #0 in (19). Substituting

(19) and (21) into (9) we receive (24). The other TM mode equation is (25) which can be derived by the
substitution of (14) and (17) into equation (6):

j o o€ k, o oH,) j o oE) k o oH, .k o -
0, + PG + q - Pnln +o.E, = (ptqtlsy)
oy oy

oudy\ oy ) audy ) wuoz\ "oz ) ouar oy

24
g anX +££ qaéx +g qaii:ix _kxﬁ qaiEA>< _le—’i —g( qf)
6yp"”8y awaypnnaz azpttaz a)ﬂazpttay M azpltsy

25

4.Comparison between the isotropic and anisotropic case

If we make a comparison between (22)-(23) and (24)-(25) it is obvious that there are differences in the
inhomogeneous terms (i.e. differences between the right hand side of equations (22) and (24); (23) and (25),
respectively). The derivatives of the inhomogeneous terms have to be taken in the case of TM mode opposite
the TE mode. The situation is similar to the isotropic case, the only difference is that the longitudinal apparent
resistivity has to be taken into account in the vicinity of the source perpendicular to the strike. Additional
difference between the partial differential equations of the isotropic and anisotropic case can be found in the left
hand sides of equations for both TE mode and TM mode. The TE mode equations for isotropic situation are as
follows [3]:

0 iEaEX _J LEGEX +J.kxgaHX —jkx%aHx FORE, =, 26
oy\ &= oy oz\ ¢~ oz oy oz oz oy

oL oR) of 1o o8k G5y g 27
oy\ ¢ oy oz\ ¢" oz oy oz oL oy

The TM mode equations for isotropic case are different from (26) and (27) only in the source terms:
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In equations of (26)-(29) s _ (1_L£) e iwu (L kxz) oM=ious vE=o gz(kxz —szl notations were used.
k k

There are two main differences between the partial differential equations valid for the isotropic and anisotropic
case: (1) opposite the isotropic situation second order mixed partial derivatives of strike directional Fourier EM
field components can be found in the anisotropic case; and (2) except the coefficient of the strike directional
Fourier magnetic field component all distributed parameters reflect the effect of anisotropy.

5. Finite difference formulation

In order to model the EM response of 2D inhomogeneities the conductivity structure has to be covered by a finite
rectangular grid in the course of FD method. The coefficients of (22)-(25) equations are constant values within
each rectangular grid element. With the use of the transmission sheet analogy any part of the grid section with
distributed parameters was replaced by grid section built up lumped circuit elements [10]. The coupled partial
differential equations (26)-(29) are very similar to the equations of two coupled transmission sheets and this
analogy makes it possible to fulfil the interior boundary conditions, because each grid point can be regarded as a
branch point of circuit. In this way a five-point difference scheme could be applied for the solution to the
isotropic 2.5-D problem due to magnetic dipole source.

However, in anisotropic 2.5D problem the five point difference scheme cannot be applied, because of the mixed
partial derivatives of strike directional Fourier EM field components in the partial differential equations. The
second order partial derivatives with respect to y or z can be finite differenced similarly as in the case of isotropic
situation, but the terms with second order mixed partial derivatives have to be transformed before they are finite
differenced. For example instead of the term which is the first mixed second derivative of the strike directional
Fourier magnetic field component in equation (22) it can be written as:

K of 0 )k Apa) M, kpg O°H, 20
wu oy P 5 ou oy o ou  oyoz

The linear variation of resistivity values between the center of grid element is supposed. The derivatives of EM
Fourier components are approximated by their corresponding finite differences. This way both terms of the right
hand side of (30) can be finite differenced. The other term of second order mixed partial derivative in (22) can
be approximated similarly resulting in a nine point finite difference scheme. All terms of the right hand side in
(22)-(25) are the average values of the area being lumped. After doing that instead of (22) and (23) the
substituting resultant finite difference equations for the grid point containing the strike directional source term
can be given in the form of:

8 E,—E, H,—H - .

z ix AEOX + |><BE 0x )+C§E0x — _ISOxAyAZ 31
i=1 - i

s HH, B, -E :

Z( ix A‘M 0x 4 IXBMEOX )+C0M HOx =0 32
i=1 - i

where 0 denotes the central grid point, i denotes the surrounding eight grid points in the next vicinity of the
central grid point, 4y and Az is the sum of the horizontal and vertical grid sizes in the vicinity of the central

grid point, finally A;, B;, Co stand for the coefficients derived from the nine point finite difference scheme. The
source terms are considered as distributed parameters without strike directional extension, making the
determination of the Fourier transform of the electric source possible. The FD source term is the average value
over the grid element being lumped. The electric source parallel to the dip direction is treated as Heaviside
function of space in the x=0 plane. This source term is smeared within a rectangular grid element [3], which
makes it possible to take its derivative with respect y and z. The derivatives of source terms are taken across
element boundaries and can be expressed in the terms of weighted delta functions. These derivatives are lumped
over the line segment connecting the centre of the neighbouring grid elements and these values are referred to
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the two neighbouring nodes on the element boundary. Along the edge of the grid either plane wave or terminal
impedance type boundary condition can be used.

One of the most important questions in the course of FD method is the way of the solution to the linear equation
system. A block tridiagonal LU decomposition (based on [11]) was suggested by [10] for the solution of the
linear equation system derived by finite difference method in the isotropic situation. This method has several
advantages, because it takes into account the properties of coefficient matrix, where the two co-diagonal blocks
are next to the main diagonal block. For this reason instead of the inversion of the coefficient matrix (with
4mn*4mn real elements, where m denotes the number of rows and n stands for the number of columns of the
rectangular grid) this procedure reduces the problem for inverting n times block matrices (with 4m*4m real
elements), and the result of inversion can be used if the aim is the determination of EM fields for other type of
sources or for a new source position as well. In the anisotropic case there are non-zero coefficients outside the
three blocks next to each other. For this reason the block tridiagonal LU decomposition cannot be applied,
however LU decomposition of band matrix seems to be a feasible solution [12].

6. Inverse Fourier transform to gain spatial solutions

The general relationship resulting in space-domain solution from the wave number can be presented as:

F(y2) = [P,y 2)e™7dk, 33

For TE mode it can be proved that in broadside configuration E,, H,, H, components are different from zero.
Using inverse transform (33) for the vertical plane containing the source (x=0) the strike directional electric field
component for any grid point:

E0.y,) = - [E(k.y.2) d, 34
0

From equations (21) and (19) with the assumption of source free terms the Fourier-transform of non-strike
directional components can be determined. For the vertical plane containing the source (x=0) the spatial
magnetic components on the basis of (33):

1% 1 g, &, k.0, H 35
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For TM mode in collinear configuration the other three electromagnetic field components
- E,, E,, Hy - are not zero and they can similarly be expressed as for TE mode. The strike directional magnetic
field component can be determined as the inverse Fourier-transform of the wave number solution:

H,(0..2) == [, (k. y.2) dk, 37
ﬂO

For TM mode in collinear array one electric field component is perpendicular to the strike and the other one is
vertical. Taking into account the general relationship resulting in space-domain solution from the wave number
domain (33) and with the assumption of source free region the Fourier-transform of non-strike directional
components we can be determine them from (17) and (14):

1% oH, k0, OE 38
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Before modelling not only the geometry of the grid, but the along-strike wave numbers -both the range and the
distribution of the discrete wave numbers- have to be planned, too. In the course of planning the 1D forward
modelling results are considered reference results. The spatial electromagnetic field components are determined
numerically. The EM field components and their partial derivatives in (34)-(39) are approximated by second-
order polynomial functions for each section of k, (where one section is determined by three discrete k, values).
Logarithmically equidistant sampling can be suggested in the wave number domain.

1%
Ez (01 y,Z) = _;J[ Pl
0

7. Summary

The effect of anisotropy cannot be abandoned in the course of EM exploration. In the paper the basic formalism
was presented for elongated anisotropic conductivity structures exited by electric dipole source treated as a point
source with either strike or dip direction. The partial differential equations were derived and comparison was
also made between the isotropic and anisotropic case. For the solution of the resulting FD linear equation system
LU decomposition of band matrix is suggested, because in contrast with isotropic case 9 point FD scheme is
needed in anisotropic situation. Finally the equations for the spatial solutions of EM field components are also
presented and recommendation for their numerical evaluation was also given.

List of Symbols

E : the electric field vector (V/m)

H : the magnetic field vector (A/m)

B : the magnetix flux density (Whb/m?)
& : the dielectric constant (F/m)
o : the conductivity (mho/m or S/m)
0 : resistivity (ohmm)
M : the magnetic permeability (H/m)

r : transmitter-receiver separation, distance (m)
O : skin depth (m)

t: time (s)
@ : the angular frequency of the EM field (Hz)

| : transmitter current (A)

ds : elementary dipole length (m)
o(r) : Dirac-delta function
i ~-1

: the current density vector (A/m?)

-

i

is : the applied current source (A/m?)

F : EM component (V/m, or A/m)

kX : wave number in the strike direction (1/m)

F  the Fourier-transform of the F EM component (V/m, or A/m)
k : the complex wave number (1/m)

0, G, : derived dimensionless parameters
Q'M : TM impedance (S/m)

¢ F: TE impedance (Hm™s™)

o™ : T™M admittance (Hm™s™)

v : TE admittance (S/m)

& derived parameter (m?)

Ai, Bi, Co: coefficient matrix elements derived from the nine point FD scheme

Ay - the sum of the horizontal grid sizes in the vicinity of the central grid point (m)

Az . the sum of the vertical grid sizes in the vicinity of the central grid point (m)
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BASES OF FD MODELLING FOR EM UNDERGROUND
TRANSILLUMINATION WITH VERTICAL ELECTRIC DIPOLES IN
2D ANISOTROPIC CONDUCTIVITY STRUCTURES

ABSTRACT

The fundamental relationships are derived for frequency domain 2.5D situation when the
transmitter is an underground vertical electric dipole source and its electromagnetic fields are
observed in another borehole or in a gallery. Derivations are provided for both the isotropic
and the anisotropic case. From the Fourier transforms of the Maxwell’s equations coupled
partial differential equations are derived, in which -besides the spatial strike directional
wavenumber, the frequency and the electromagnetic rock properties- only the strike direction
electromagnetic (EM) field components and their partial derivatives in the wavenumber (k)
domain can be found. On the basis of comparison between the differential equations for the
isotropic and anisotropic case it can be experienced that in contrast with the isotropic situation
second order mixed partial derivatives of strike directional Fourier EM field component are in
the anisotropic case. In the differential equations for the anisotropic case except the
coefficient of the strike directional Fourier magnetic field component all coefficients reflect
the effect of anisotropy. The equations for the spatial solutions of EM field components can
be given by inverse Fourier transformation. The numerical experience gained for isotropic
25D TE and TM mode can be taken into account in the course of grid and spatial
wavenumber domain planning in the anisotropic situation.

Keywords: anisotropy, elongated structure, frequency domain electromagnetic method, FD
procedure, wavenumber domain, inverse Fourier transformation.

1. INTRODUCTION

In the course of hydrocarbon and geothermal exploration the geophysical EM methods are
among the most important ones after seismic reflection survey, and the simultaneous
application of the two geophysical methods is very effective. The ground-based geophysical
EM methods use either natural or artificial sources [1], [2]. The attenuation of the EM fields
can be described in the function of EM parameters including electrical conductivity, dielectric
permittivity, magnetic permeability and frequency in general [3]. The borehole EM methods
always apply transmitter(s) sending EM waves at different frequencies and receiver(s)
measuring the transit time but at least wave-amplitude attenuation of the emitted EM waves
[4]. The transmitters and the receivers are on the same tool body. In this paper emphasis is
put on the lower frequency range where the attenuation of EM fields in homogeneous space
can be characterized by the induction number which is the ratio of the transmitter-receiver
separation and the skin depth [5]. In the situation presented here the source field is a vertical
electric dipole source and the investigated conductivity structure is elongated. For this reason
the problem to be solved is a 3D one. In order to handle the original problem more easily the
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EM source is considered mathematically as a point source. This situation is called a 2.5D
forward problem. In the course of EM investigation on elongated conductivity structures
exited by electric dipole distinction is made between TE mode, when the electric source field
is parallel to the structural strike, and TM mode, when the electric source field is
perpendicular to it. In contrast with MT 2D these modes are not separate from each other
they are coupled. In the case of vertical electric dipole source the derivation is very similar to
those of horizontal electric dipole sources [6]. The investigation of some effects for elongated
isotropic conductivity inhomogeneities exited by horizontal electric dipole source was
presented by [7], [8], [9], [10], [11] and [12]. These papers dealt with the determination of
EM responses over 2D isotropic conductivity structures excited by horizontal electric dipole
sources and the computed EM field components were horizontal electric and magnetic field
components and the impedance derived from them. In this paper emphasis is put on the EM
fields determination due to vertical electric dipole source placed in 2D surroundings which
can be isotropic or anisotropic as well. The effect of anisotropy is investigated by many
authors and one of the best summaries is given by [13].

2. 25D FEM PROBLEM FOR ISOTROPIC CASE WITH VERTICAL ELECTRIC
DIPOLE SOURCE

In the frequency domain electromagnetic (FEM) methods e!*time dependent source field is
assumed and let x be parallel to the structural strike direction. The basic relationships

governing the electromagnetic phenomenon are the Maxwell’s equations. One of them
expresses that electric fields are the results from the time-varying magnetic induction:

rotE = —oB/at 1

i, =1dss(7) describes a point source approximation which can be involved into the other
Maxwell’s equation:

rotH =1 +1, 2
(2) Represents the fact that the magnetic fields are caused by conduction and source currents.

In our situation conduction currents dominate over displacement currents due to the EM fields
of low frequencies applied. For this reason the effect of displacement currents in (2) was not

taken into account.

In the case of magnetic source [14] recommended that the solution of the original 3D problem
could be replaced by the series of solutions of 2D problem in the ky wavenumber domain.
This procedure assumes that the Maxwell’s equations (1) and (2) are Fourier-transformed.

This transformation can be defined as:
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F(k,y z)= j F(x,y,z)e **dx

In the course of the transformation the Fourier transform of the partial derivative of the EM
field components with respect x is also required. It can be proved that the partial derivative of
any EM field components with respect x is proportional to the Fourier transform of the

component itself (see e.g. [6]).

Taking into account the harmonic time dependence of EM fields, we can rewrite the Fourier

transforms of (1) Maxwell’s equation in the following form:

: OB .
E__y:_ja):uHx 4
oy oz
B, . o . -
oz - kaEz :_Ja),tu S
Lo~ OB, . .
kaEy - . =_Ja)/qu 6
oy

If we assume that only vertical electric dipole source is applied, the Fourier transforms of (2)
can be written as:

c G, 7
oy 0z
My K H,=cE, 8
0z
jkxﬁy-a:yxzaéﬁfsz 9

The goal of the next part is to provide partial differential equation systems with equations
containing only strike direction EM field components in the spatial wavenumber (ky) domain.
The first equation (the pure one) belonging to the TM mode is (4). From equations (5) and (9)
H ,can be determined and taking them to be equal we receive:

k, OE, = 10

Where k denotes the complex wavenumber and  k? = —jouc
From equations (6) and (8) H, can be determined and taking them to be equal we obtain:

—o(1-kz2/k")E __OH, ke OBy 11
Y 0z wu oy
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The other group of equations represents the TE mode. Following the 2D MT analogy one
equation belonging to this mode is (7).

The non-strike directional magnetic field components in the wavenumber domain can be
determined similarly as the non-strike directional electric field components were done for the
TM mode. From equations (6) and (8) Eycan be expressed and taking them to be equal we

have:

E, , . M, 12
oz
From equations (5) and (9) E, can be expressed and taking them to be equal we get:

- ja)/u(l_kxz/kz )Hz ==

jou(l-k2 [k A, =———ﬁ6H—X—LfSZ 13

2 A
Let us introduce ¢ F=iwpu (1_%) & =(kx2 —sz;u "= o, and substitute the value of H  and H,

-from (13) and (12), respectively - into (7):

_2 LEE _g iEaEX +jkx%aHX _jkxa_gaHx +UEéx:jkxg(§fSZ) 14
oy\ ¢t oy | a2\ ¢F @ oy oz oz oy oz

2
Let us introducegM:g(l_k_X);u“"z iwu , and substitute the value of E and E,- from (11) and
k2 y z

(10), respectively- into (4):

_g[iMaH_x]_g[iMaHx]_ j OEE g GEE, L wp zﬁ( j 15
oy\¢" oy oz\ ¢ oz oy oz oz oy oy\ ¢

In contrast with 2D MT, the TE and TM mode cannot be treated separately, and the partial
differential equation system consisting of (14) and (15) has to be solved. In the isotropic
situation -governed by (14) and (15) - second order mixed partial derivatives of the strike
directional Fourier EM field components cannot be found. Independent of the type of source
there is no pure TM and TE mode, because the two polarizations are coupled for each source
type (direction) case. Still this statement in the course of 2.5D modeling the case of electric
dipole source of structural strike direction is called TE mode, and when the source term is
perpendicular to the structural strike it is referred as TM mode [6], [7]. The reason of this
nomination is the following: in the case of electric dipole source parallel to the structural
strike the current flow is mainly parallel to the strike, and for the situation when the source
term is perpendicular to the structural strike there is a horizontal magnetic field component
which coincides with the structural strike just like in 2D MT TM mode. There is a similarity
between differential equations for 2.5D TM mode and the ones involving vertical dipole
source in a 2D conductivity surrounding: in both cases the inhomogeneous terms of the
equations are the partial derivatives of the applied current source with respect y or z, but in a
changed order.
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3. 25D FEM PROBLEM FOR ANISOTROPIC CASE WITH VERTICAL
ELECTRIC DIPOLE SOURCE

The conductivity determining the relationship between the current density vector and the
electric field vector is a scalar quantity only for an isotropic situation, in general case it is a
tensor. The conductivity tensor has a simple form if two of the orthogonal coordinate
directions are assumed to lie in the direction of maximum conductivity and the third one into
the minimum conductivity value. In the case of layering the greatest resistivity can be
observed perpendicularly to the layering. The same &, conductivity can be usually proposed in

the x and y direction and &, value denotes the conductivity value in the z direction. The

presence of anisotropy does not influence the Fourier transforms of (1) Maxwell’s equation,
these component equations (4)-(6) remain unchanged. Taking into account the anisotropy in
the Fourier transforms of (2) instead of (7)-(9) we can write:

a:yz _a;y oE 16
VA
a:X_jkaz:Gté 17
Z
ik,H, —‘3:; —o,E, +i, 18

The aim of the next derivation is the same as it was in isotropic case: to yield a partial
differential equation system containing only strike direction EM field components and their
partial derivatives with respect space in the wavenumber (k) domain besides distributed
parameters and frequency. From equations (5) and (18) H ,can be determined and taking them

to be equal we get:

O-n(:l'_kxz/kn2 )éz :_%_ﬁﬁ_iﬁ 19

If we introduce
Un :]/(]_— kleknz) 20
and we use the resistivity instead of conductivity in (19)

. H, Kk E
EZ:_pnqna X _ xann6 X

- ] 21
8y a)/l az pnqﬂISZ

From equations (6) and (17) H, can be determined and taking them to be equal we get:
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2. 0H, k, OE,
-0, (1-k,” k. )E, =- pe +w_ﬂE 22
Introducing
0, =]/(1_kx2/k12) 23

and using the resistivity instead of conductivity from (22)

- oH, k.0, 6E,
Ey =4 - 5L 24
0oz ou oy

The vertical magnetic field components in the wavenumber domain can be determined
similarly. From equations (6) and (17) Eycan be expressed and taking them to be equal we

get:

OE, +L8Hx o5

— jou(1-k?/k*)H, =—
Jou( x/t)z o, oz

From this equation H, can be expressed as:

|:| __ﬂaEAx _ kxptqt 6|:|x 26

Y wouoy wu oz

The horizontal magnetic field component perpendicular to the strike can be determined in the
following way: from equations (5) and (18) E, can be expressed and taking them to be equal
we obtain:

2k 2 )M __ OB ke oH, JKer 27

n

From this equation Hy can be expressed as:

|_"| an @_ kxpnqn aHx _ kxpnqn f 28

y_

ou o ou oy ou

In the knowledge of the non-strike directional EM field components in the wavenumber
domain we can substitute them into the “pure” TE and TM components equations:
substituting (26) and (28) into (16) we receive (29). The other equation will be (30) which
can be derived by the substitution of (21) and (24) into (6):

iiqaéx_,_kxi qal:'x +iiqa_EAx_kX£ q_al_’ix +GEA—££( qf)
a),u(?y tay a),u(?y pttaz wu@z naz a)yéz pnné,y t=x a)/uazpnnsz

29
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Except the coefficient of the strike directional Fourier magnetic field component in (30) all
coefficients reflect the effect of anisotropy, even the inhomogeneous terms do in equations of
(29) and (30). In contrast with the isotropic situation second order mixed partial derivatives of
the strike directional Fourier EM field components are in the anisotropic case. In order to
obtain the finite difference form of (29) and (30) additional transformations are suggested.
Instead of the term for the first mixed second order partial derivative of the strike directional
Fourier magnetic field components in (29) it can be written as:

” A -
kx i poX! % — & a( PO ) aHx + kxptqt 0 Hx 31
oy oy oz ou oy oz ou  oyoz

Similarly, for the second mixed second order partial derivative of the strike directional
Fourier magnetic field components in (29):

k, 0 M, )_ ke Apy8n) OH, Koy, O°H, 30
ouoz\" """ oy ou 0 oy oy  oLoy

Finally, instead of the mixed second order partial derivatives of the strike directional Fourier
electric field component in (30):

. . -
kx Q 2.4, % :ﬁa(pnqn ) aEx + kxpnqn 0 Ex 33
o oy oz oy oy oz oy oyoz
. . )
kx g ) t% _ & a( PG ) aEx + kxptql 0 Ex 34
o 07 oy ou 0L oy oy 0Loy

4. FINITE DIFFERENCE FORMULATION

In order to forward model the EM response due to a 2D structure with finite difference (FD)
method, the conductivity inhomogeneities and the homogeneous host have to be covered by a
finite rectangular grid. The grid geometry has to be also fit to the conductivity boundaries, the
positions of the source and the receivers. The physical parameters of (29)-(30) equations are
constant within each rectangular grid element and these parameters are considered as
distributed parameters. For the isotropic case there must be two input conductivity maps, one
for the tangential, and the other one for the normal conductivity distribution. With the use of
the transmission sheet analogy any part of the grid section with distributed parameters can be
replaced by a grid section built up lumped circuit elements [14]. The coupled partial
differential equations (29)-(30) are very similar to the equations of two coupled transmission
sheets and this analogy makes it possible to fulfill the interior boundary conditions, because
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each grid point can be regarded as a branch point of circuit. In this way a five-point difference
scheme could be applied for the FD forward modeling to the isotropic 2.5-D problem due to a
dipole source. The second order partial derivatives with respect to y or z can be finite
differenced similarly as in the case of isotropic situation [6] and [8]. However, for the
anisotropic 2.5D problem -due to the mixed partial derivatives of strike directional Fourier
EM field components in the partial differential equations of (29)-(30)- a nine point finite
difference scheme can be suggested.

The linear variation of resistivity values between the centers of grid element is supposed. The
derivatives of the EM Fourier components are approximated by their corresponding finite
differences. In this way both terms of the right hand side of (31)-(34) can be finite
differenced. The term of the second order mixed partial derivative can be approximated by
finite differences if we take into account the field values in eight grid points surrounding the
central node. All terms of the right hand side in (29)-(30) are the average values of the area
being lumped. The vertical electric source is treated as a Heaviside function of space in the
x=0 plane. This source term is smeared within a rectangular grid element, like the horizontal
electric dipole source perpendicular to the strike [6], which makes it possible to take its
derivative with respect y and z. The derivatives of the source terms are taken across element
boundaries and can be expressed in the terms of weighted delta functions. These derivatives
are lumped over the line segment connecting the centre of the neighboring grid elements and
these average values are referred to the two neighboring nodes on the element boundary.
Because of this source treatment there are four grid points with non-zero source term. Instead
of (29)-(30) the substituting resultant finite difference equations for the grid point containing
the vertical dipole source term can be expressed in the following form:

8 - —_ - A_ f— 3 A A

y(EeBo M Hoy e _ge 35
i=1 _A Bi

5 H -H, E, -E L

Z( iAIM 0x+ ix ’ Ox)+C(;V|Hox=SoMz 36

here 0 stands for the central grid point and i denotes the surrounding eight grid points in the
vicinity of the central node. A;, B, Co stand for the coefficients derived from the nine point
finite difference scheme and S,, denote the finite difference source terms for the vertical

dipole source in the wavenumber domain. Along the edge of the grid either plane wave or
terminal impedance type boundary condition can be used. In the course of our isotropic
modeling the terminal impedance type boundary condition was preferred.

The way of the solution to the linear equation system is one of the most important questions in
the course of FD method. The block tridiagonal LU decomposition suggested by [14] and
[15] for the solution of the linear equation system can be used only for the isotropic situation.
This procedure takes into account the properties of coefficient matrix. In isotropic case only
the two co-diagonal and the main diagonal blocks are non-zero matrices (with 4m*4m real
elements). For this reason instead of the inversion of the coefficient matrix (with 4mn*4mn
real elements, where m denotes the number of rows and n stands for the number of columns of
the grid) the n times inversion of block matrices was done. In the anisotropic case there are
non-zero matrix coefficients outside the three central blocks next to each other. It means that
the block tridiagonal LU decomposition cannot be applied. At the same time LU
decomposition of band matrix seems to be one of the promising solutions [16]. For the
solution of banded great linear system parallel processing can be suggested.
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5. INVERSE FOURIER TRANSFORMS TO OBTAIN SPATIAL SOLUTIONS

The general relationship resulting in space-domain solution from the wavenumber can be
given as:

F(xy.2)= i [F K,y 2)e""dk, 37

For the plain containing the source and the vertical borehole (or any underground observation
point) this relationship -where yr denotes the y co-ordinate of the receiver- can be written as:

1 % -
F(0.yn12)= [F(K,.¥a 2K, 38

This equation can be directly applied to the spatial determination of strike-directional
magnetic field component, because in the spatial wavenumber domain this component was
given for any node of the grid as the solution of the linear equation system:

H(0.Ye2) = [H, (K, o2 ok, 39
0

In the plane containing the source and perpendicular to the strike E, and E, can be measured,
too. These components can be expressed from the component Maxwell’s equations (4)-(9)
with the assumption of no source term. As it can be seen the equation for the strike-
directional magnetic field component does not contain conductivity anisotropy dependence as
opposed to the non strike-directional electric field components. For the isotropic case let us
introduce g, =1/(1-k .’/ k,?), here R refers to the actual receiver position and taking into

account (11):

1% oH, Kk p.q. OE
E 0, Z)=—= x _ “xFRHR x Tdk 40
y( Yr ) 7[_([[ PrUr oz o ay ] X

In a vertical borehole if there is no conductivity anisotropy in the receiver site (R), then the
vertical electric field can be expressed from (10):

1% oH, k pg0. OE
E (0,y,,2)=—= x  xPRAR Z=x - dk 41
.(0,¥¢,2) 7[.([[ PrAr oy o oz ] X

Similar equations can be derived for these two EM components if the receiver site can be
characterized by conductivity anisotropy. These EM components can be expressed from the
component Maxwell’s equations (4)-(6) and (16)-(18) with the assumption of no
inhomogeneous term in (18):

_ 1 T aHx kxpthtR aEA><
Ey(O’YRaZ)_;_([[ PrYr oz - wou ay ]dkx 42

and that of the source term free version of (21):
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It can be seen that besides the partial derivatives of the strike-directional EM field
components in spatial wavenumber domain, the electric field component perpendicular to the
strike depends on the lateral, while the vertical electric field component depends on the
normal conductivity value.

6. SOME ASPECTS OF GRID GEOMETRY AND SPATIAL WAVENUMBER
PLANNING

Depending on the problem to be solved different conductivity distribution, transmitter-
receiver arrays and measuring frequencies are assumed. The grid geometry with the
conductivity distribution has to reflect the 2D conductivity structure to be investigated, and in
the case of anisotropic case two conductivity maps will have to be provided for the same grid
geometry within the input data set. The problems solved by TE and TM mode FEM soundings
resulted in some experience [6]-[12], which is worth taking into account in anisotropic
situation as well [17]. The computation of frequency sounding curves requires changing grid
geometry in the course of FD modeling. For grid geometry planning 1D forward modeling
results were considered as references.

Due to the stronger attenuation of high frequency EM fields grid with finer meshes covering
smaller area of the investigated 2D structure can be applied. Because the attenuation depends
on the conductivity as well, for this reason besides the highest frequency it is the greatest
tangential conductivity of the section which determines the element of the finest grid
geometry. It cannot be greater than p/10, where p denotes the skin depth for this region. The
greatest grid area (with courser grid elements) can be planned by the value of the greatest EM
wavelength. The distance between the inhomogeneity and the edge of the grid both in
horizontal and vertical sense (downward) has to be at least 2-3 times greater than the skin
depth. In the case of ground EM measurements (or shallow depth EM transillumination) the
vertical grid extension for air has to exceed 1.5 times the transmitter-receiver distance. At
least in the vicinity of the source and the receiver the use of equidistance grid sizes are
suggested, and if it possible this grid geometry can be recommended between the whole
transmitter-receiver separation as well. Outside from the inhomogeneity gradual increase of
grid elements with a factor of 1,5 can be accepted. The 1D reference comparison can be also
used to guess the frequency at which we change the grid to compute frequency sounding
curves. It is obvious that the 2.5D EM responses determined at this frequency with the two
grids must be the same within accuracy better than that of the measurement.

It follows from the essence of the procedure that the range and the distribution of the along-
strike wavenumbers have to be planned, too. Instead of the upper limit of the integrals of (39)-
(43) it is sufficient to compute till a kymax Value. We experienced that this maximum value
depends on the minimal transmitter-receiver range, the highest frequency and the greatest
conductivity in the region to be investigated. After ky=0 value - which corresponds to the EM
plane wave case- logarithmically equidistant sampling can be suggested in the wavenumber
domain. The number of along-strike wavenumbers for which the linear equation system has
to be solved has to exceed 21. The inverse Fourier transforms are made numerically: the EM
field components and their partial derivatives in (39)-(43) are approximated by second-order
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polynomial functions for each section of ks (where one section is determined by three discrete
kx values, and the third ky value of each section is the first ky value of the next section).

7. CONCLUSIONS

It is well known that the effect of anisotropy has to be taken into account in the course of the
geoelectric and electromagnetic exploration. In this paper the basic formalism was derived
for 2D isotropic and anisotropic conductivity structures exited by vertical electric dipole
source treated as a point source. The partial differential equations were derived for both cases
in the wavenumber domain and a comparison was also made between the partial differential
equation systems. For the solution of the resulting FD banded linear equation system LU
decomposition of band matrix is suggested, because in contrast with isotropic case 9 point FD
scheme is required in the anisotropic situation. The experience gained for isotropic 2.5D TE
and TM mode can be taken into account in the course of the grid and the spatial wavenumber
domain planning for the anisotropic case. To obtain the spatial solutions of EM field
components the inverse Fourier equations were also presented. Some recommendations for
their numerical evaluation of inverse Fourier transforms, for the planning of spatial
wavenumber sampling and some aspects of grid geometry planning were also provided.

NOMENCLATURE

A, Bi, Co: coefficient matrix elements derived from the nine point FD scheme
B : magnetic flux density (Wh/m?)
ds : elementary dipole length (m)
E . electric field vector (V/m)
: EM component (V/m, or A/m)
: Fourier-transform of the F EM component (V/m, or A/m)
: magnetic field vector (A/m)
transmitter current (A)
: current density vector (A/m?)
- applied current source (A/m?)
JiV-1
k: complex wavenumber (1/m)
k, . wavenumber in the strike direction (1/m)
p: skin depth (m)
q, - derived dimensionless parameters (subscript n refers to normal)
g, - derived dimensionless parameters (subscript t refers to tangential)
r: transmitter-receiver separation, distance (m)
t: time (s)
o(r) : Dirac-delta function
g dielectric constant (F/m)
¢E: TE impedance (Hms™)
&M TM impedance (S/m)
4 - magnetic permeability (H/m)
v : TE admittance (S/m)

I =4 — I, T, M

S
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M : TM admittance (Hm™s™)

L

&+ derived parameter (m?)

p - resistivity (ohmm)

o . conductivity (mho/m or S/m)

: angular frequency of the EM field (Hz)
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Abstract. Assuming conductivity anisotropy the basic relationships are derived for frequency domain
electromagnetic (FEM) TE (E polarization) and TM mode (H polarization) for the 2D (two-dimensional) and the
2.5D situations. In the course of the anisotropy investigation presented here the principal directions of
conductivity tensor are parallel to the main structural strike directions of the elongated conductivity structure.
For the anisotropic case of 2D MT(magnetotellurics) it is proved that independent of the angle of the incident
plane wave the EM field can be decomposed for two polarizations, just like in the case of 2D MT isotropic
situation. For this reason the two polarizations can be treated mathematically separately. In the 2D MT TE (E
polarization) mode partial differential equation the strike directional field component is the unknown and the
strike directional conductivity value controls the effect of anisotropy. In the 2D MT TM (H polarization) mode
the strike directional magnetic field component is the unknown and the conductivities in dip and the vertical
direction control the effect of anisotropy. The 2.5D anisotropic FEM problem is solved in the strike directional
wave number domain and from the Fourier transforms of the Maxwell’s equations coupled partial differential
equations are derived for the two polarizations. The unknowns of the differential equations are the Fourier
transforms of the strike directional electric and magnetic field components. Due to the differential equation
systems the two modes are coupled and the anisotropy effect is controlled by the three principal values of
conductivity tensor. Approaching the theoretical far field zone similarity can be observed between the controlled
and the plane wave source methods in the point of view of anisotropy effect as well.

Keywords: conductivity anisotropy, frequency domain electromagnetics, plane wave source, controlled source, E
polarization, H polarization, wave number domain.

1. Introduction

The geophysical electromagnetic methods apply either natural or artificial source(s) [1, 2]. If the investigated
conductivity structure is elongated and the source field is due to EM plane waves, just like in the
magnetotellurics, we encounter with a pure 2D MT problem. Generally, the conductivity structures are
anisotropic 3D ones and the 2D assumption is a theoretical approach. However, we frequently encounter with
partially elongated conductivity structures, which are far from being 1D, they are practically 3D, but they can be
approximated by 2D structures at least in the middle 1/3 part of the structure. For isotropic 2D MT it was proved
([1, 2]) that the E- and H polarization can be treated separately [1, 2]. If the source is an electric dipole source,
the problem to be solved is a 3D one. There is a special situation for a 2D structure when it is exited by an
electric dipole which can be approximated mathematically as a point source. If we encounter a 2D model which
is exited by a point source the situation is called as a 2.5D problem. Just like in MT in the course of EM
investigation on elongated conductivity structures exited by electric dipole source special emphasis has to be put
on the two modes. Distinction is made between TE mode, when the electric source is parallel to the structural
strike, and TM mode, when the electric source is perpendicular to it. Assuming elongated isotropic conductivity
inhomogeneities exited by electric dipole source the partial differential equations were presented by Pethd [3]
and besides the investigation of some effects different numerical model studies were also carried out [4], [5], [6],
[71, [8], [9]. For anisotropic case differential equations were provided in [10] and [11], however, difference was
made only between the conductivity values parallel to the horizontal layering and perpendicular to it. In this
paper the principle directions of the conductivity tensor are parallel to the main structural direction of the 2D
structure. The partial differential equations for the 2D situation with conductivity anisotropy are derived. This
situation practically corresponds to MT (Magnetotellurics) and VLF (Very Low Frequency). The latter method
was also applied in the CRITICEL project [12], and it is obvious that the geological structures investigated there
were rather anisotropic than isotropic ones. The type of the conductivity anisotropy assumed here is far from
being the general one, however, it may occur that one geoelectric domain in the inhomogeneous half-space can
be characterized by this kind of anisotropy and this strongly anisotropic domain is embedded into homogeneous
isotropic (layered) half-space or 2D isotropic host. For the 2.5D situation with conductivity anisotropy partial
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differential equation systems are derived. The similarities and differences between the two cases (2D and 2.5D)
will be also provided putting emphasis on the effect of anisotropy.

2. 2D MT problem for anisotropic case

In geophysical EM exploration the basic relationships governing the electromagnetic phenomenon are the
Maxwell’s equations with the constitutive equations. One Maxwell’s equation represents the physical law that
electric fields result from time-varying magnetic induction:

rotE = —aB/at 1

The next Maxwell’s equation expresses the fact that the magnetic fields are caused by displacement and
conduction current flows. In geophysical practice conduction current is dominant over displacement current
(high-frequency georadar can be regarded as an exception), for this reason displacement current can be
neglected:

rotH =i =[c]E 2

In order to have relationship between electromagnetic fields and subsurface conductivity the introduction of
Ohm’s law is required. Generally, the conductivity determining the relationship between the current density
vector and the electric field vector must be a tensor (it is a scalar quantity only for an isotropic case). The
conductivity tensor has a simple form if two of the orthogonal coordinate directions are selected to lie in the
direction of maximum conductivity and the third one into the minimum conductivity. If the principal directions
of the conductivity tensors coincide with the strike, dip and vertical directions the off-diagonal terms are zero
based upon [13, 14]. In this point we remark that the anisotropy discussed in this paper is not a general
treatment, we consider the situation when the principle directions of the conductivity tensor are parallel to the

main structural directions of the 2D structure. We assume o, conductivity in the strike direction of x,

o, conductivity along y, and o, conductivity value in the z direction.

o, 0 0] |op 0 O 3
c=|0 o, 0|=|0 o, O
0 0 o 0 0 o

. jot . . . L .
Assuming an € time dependent plane wave source and due to the 2D assumption all partial derivatives with
respect strike direction (x) must be zero in (1):

aEz —= Jw:uHx 4
oy 0
oE .
82X =, °
* = Ja)ﬂHz 6

If we write the component equations of (2), we take into account the conductivity tensor given by (3) and the
simplification coming from the zero value of the partial derivatives with respect the strike direction:

oH
aHz _ y :O-xEx 7
oy oz
oH, 8
oz =&
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Just like for isotropic 2D MT, there are two independent equation systems. One group consists of equation (4),
(8), (9), in which only the strike directional magnetic field component and the non-strike directional electric field
components are. This mode is called H-polarization or TM mode. The strike directional magnetic field
component is the unknown in the second order partial differential equation, which is the densest form of H-
polarization:;

10

X

10°H, 10°H

o, oy’ o, oz’

The difference between the isotropic and anisotropic 2D TM modes is obvious: in isotropic case the strike
directional magnetic field component depends on the scalar conductivity value and in the anisotropic situation
the strike directional magnetic field component depends on both non-strike directional conductivity values.

= jouH,

In the other group of component equations -consisting of (5), (6), (7)- the strike directional electric field
component and the non-strike directional magnetic field components can be found. Substituting the value of
magnetic field components from (5) and (6) into (7), we receive the E-polarization or TE mode. Similar second
order partial differential equation can be derived as (10):

0%E, O°E
+

ayZ 622

We call the attention for the difference between the 2D TE modes for the anisotropic and isotropic situations:

here the strike directional conductivity value, in the isotropic case the scalar conductivity value determines the
strike directional electric field component of the second order partial differential equation.

11

X

= jouo,E,

3. 2.5D FEM problem in wave number domain for anisotropic case
3.1 Basic equations

Just like in the case of MT, emphasis is put the Maxwell’s equations in the controlled source frequency domain
electromagnetic methods. The equation (1) is used in an unchanged form:

rotE = —aB/at

i, =Idss(r) makes possible a point source approximation. An e’ time dependent source term is assumed.

Involving it into the other Maxwell’s equation of (2):
rotH =1 +1i, 12

It represents the physical law that the magnetic fields are caused by conduction and source currents. The effect of
displacement currents in the second equation was not taken into account.

For 2.5D FEM forward modelling with magnetic sources Stoyer and Greenfield recommended that the solution
of the original 3D problem could be replaced by the series of solutions of 2D problem in the k, wave number
domain [15]. To follow this procedure the Maxwell’s equations (1) and (2) are Fourier-transformed. The Fourier
transformation can be expressed as:

F(k,.y.2) = IF(X, y, 2)e *dx
o 13

To determine the Fourier transforms of the Maxwell’s equations the partial derivative of the EM field
components with respect the strike direction (x) is also needed:

JEECY B e eae—[F(xy,z)e ]+ i, [FOxy e = i Pk y.2) 1

-0

In (14) equation if x tends to either 4+ 00 or - oo then any field component approximates zero due to the finite
energy of the source, for this reason the value of expression in brackets must be zero. For this reason the partial
derivative of any EM field components with respect the strike direction is proportional the Fourier transform of
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the component itself. Taking into account this fact and the harmonic time dependence of EM fields as well, the
Fourier transforms of Maxwell’s equation (1) in terms of component equations can be detailed as follows:

= OB .
aEz y Z*jw,UHX 15
oy oz
B, .o .
6ZX - kaEz zijw/tu 16
T 17
kE, ——*=—jauH,
oy

Due to the TM and TE mode, we have to assume that only horizontal electric dipole source (either in x or y
direction) is applied. For these situations we can rewrite the Fourier transforms of (12) as:

i, oH -
%_ ay:o-x x+isx 18
Z
oH, . S
ax_kaHz:O-yEy+lsy 19
jkx':'y_aH>< :O_zéz 20
oy

As it was mentioned, the effect of displacement current was abandoned, and for this reason in the isotropic case
the complex wavenumber ( k ) can be expressed as k* = — jouoc . Due to the anisotropy we introduce the
complex wavenumber in the y and z directions as

ky2 =—jouoc, and kz2 =—jouo, It is not necessary to introduce the complex wavenumber in the strike

direction, k, has denoted the strike directional wave number, introduced by the transformation of (14).

Only strike direction EM field components in the wave number (k,) domain. The first partial differential
equation system will describe the situation when the electric dipole source is parallel to the structural strike
direction. Another partial differential equation system is valid for the situation when the source term is
perpendicular to the structural strike. From equations (16) and (20) j|2|ycan be expressed and taking them to be

equal we obtain:

6I—AlX k 6I§X 21

X

1-k,?/k,*)E, =—
0,1k [l E, = -5 x -2

With the notation of
q, =1/(1-k2/k?) 22

and with the application of the resistivity instead of conductivity from (21) we receive

oy wu oz

. oH, k,p,q, OE,
EZ:_pzqz pq Y 23

From equations (17) and (19) jH, can be determined and taking them to be equal we obtain:
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oH, k, oE, - 24

L XXy

2 2,2
—o,(1-k, /ky JE, =~ o wuoy

If we apply the resistivity instead of the conductivity in (24) and introduce (25) it follows:

=1/(1-k,’ 1k,?) 25
. oH, k.m0, oE, - 26
yzpyqyﬁ_ wL YE_ yAylsy

We can receive the non-strike directional magnetic field components in the wave number domain similarly.
From equations (17) and (19) éy can be determined and we can write:

. . OE, jk oH, jk, - 27
— 1=k ?/k ) H = —=x 4 x e Iy

JC(),U( X / y ) z ay o, oz o, sy
From (27) H, can be expressed:

|_"| _ qu LEAX_kxpyqy aﬁx +kxpyqyi" 28
Y wu oy ou oz ou Y

E, can be determined from equations (16) and (20) and taking them to be equal we receive:

jou(i—k2 kA, = I My 29

From this equation |-“|ycan be obtained:

k0,0, oH, 30

3.2 Partial differential equation systems for TE and TM mode of the 2.5D case

The TE mode is the case when there is only an electric dipole source with strike direction. Substituting
equations (28) and (30) into (18) with the assumption of i, =0 in (28) we obtain (31). The other equation for

the TE mode is (32) which can be derived by the substitution of (23) and (26) into equation (15) with the
assumption of i, =0 in equation of (26):

i o oE) k, o oH, ) j of. ok, P 31
——q, + 2,4, +——|q, +o,E, =,
wu oy oy ou 6'y oz oy 0z oz a)y 62 ay

Kl H, ), k 2 k|, 2 oH, g, =0 32
6y pzqz 6y a)/l(?y q Z az pyqy az a)/l az yqy ay J H -

In the TM mode the electric dipole source is perpendicular to the structural strike. In order to receive the TM

mode equations similar steps are required as we applied in the TE mode. In this case § =0 in (18) and i, #0 in

(28). Substituting (28) and (30) into (18) we obtain equation (33). The second TM mode equation is (34). It can
be derived by the substitution of equations (23) and (26) into equation (15):
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igqaéx k, 0 an +igqaé k, 0 Lo E Lk o 33
ouoyl "’ oy a),uay A" ouoz\ " oz a),u@Z 6y o a)yaypy v

Kkl H, ), k0 &, |, 0 oH, ~ - ; 34
ay pzqz ay a)#ay zqz Z 62 pyqy az wﬂ az yqy ay J /.l x_ pyqy sy

Just like in the case of isotropic 2.5D case, both modes can be described with the same partial differential
equations and the differences between the modes are presented by the inhomogeneous terms on the right. The
second order partial derivatives with respect to y or z can be finite differenced similarly as in the case of isotropic
situation, but the terms with second order mixed partial derivatives should be transformed before they are finite
differenced. For example instead of the first mixed second derivative of the strike directional Fourier magnetic
field component in equation (31) or in (33) can be rewritten as:

k 6 a|:|x _&a(pyqy)aﬁx +k><pyqy 62|:|x 35
wu oy - ou oy 01 ou  oyor

The next mixed second order partial derivative of the strike directional Fourier magnetic field components in
(31) orin (33) can be transformed similarly:

ke 0 o He)_ ke Ap.g,)oH, ke, O°H, 36
ouoz\""" oy | wu o0z 0y ou  oyor

Except for the coefficient of the strike directional Fourier magnetic field component in (32) or in (34) all
coefficients on the left hand sides reflect the effect of anisotropy. The effect of anisotropy can be observed even
in the inhomogeneous terms in equations of (33) and (34) in the TM mode. The latter statement does not hold for
the TE mode. In contrast with the isotropic situation [3], second order mixed partial derivatives of the strike
directional Fourier EM field components are in the anisotropic case.

3.3 Determination of spatial solutions

In order to obtain space-domain solution from the solution received in the strike-directional wavenumer
domain, inverse Fourier transforms have to be applied. The relationship resulting in space-domain solution from
the wave number domain is as follows:

F(uy.2) = [P,y 2)e"7dk, 37

For the TE mode it can be proved [3] that in broadside configuration only E,, H,, H, components are different

from zero. By inverse transform of (37) for the vertical plane containing the source (x=0) the strike directional
electric field component for any point can be received as:

E(0.y.2)= %f E (k..y.2) dk, 38
0

The non-strike directional magnetic field components can be determined from equations (30) and (28) with the
assumption of source free terms. For the vertical plane containing the source (x=0) the spatial magnetic
components can be gained based upon equation (37):

39
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HZ(O,y,Z)=7£I [ 19y &, K«py8y OH, Jok, 40
Ty ou oy ou oz

For the TM mode in collinear configuration the following three electromagnetic field components - E,, E,, Hy -
are not zero and they can similarly be expressed as the other three field components for TE mode. The
expression for the strike directional magnetic field component is an inverse Fourier-transform of the wave
number solution:

M09, = [H,(koy.2) ok, 4
0

With the assumption of source free region and with the application of (37), the Fourier-transform of non-strike
directional electric field components can be determined from (26) and (23)

" K ~
aHx Xpyqy % ]dk 42

Ford ou oy *

1%
Ey(O,y,Z):;J[ pyqy
0

©

1 oH, k oE
Ez(oxynz):_;J‘[ pzquX_F%;qzaizx ]dkx 43
0

It can be noted that there is no difference between the inverse Fourier formulae of the strike directional EM field
components valid for the anisotropic (38), (41) and the isotropic case [3]. At the same time in the course of the
determination of the secondary EM field components additional anisotropy effect is superimposed to the primary
EM field components. For this special case of anisotropy the conductivity perpendicular to the strike and the
conductivity value in the z direction have effect on the secondary EM field components (39), (40), (42), (43).

4.Comparison between FEM 2D and 2.5D equations in the point of view of conductivity anisotropy

In the 2.5D FEM there are two unknowns in the two coupled equations, they are the Fourier transforms of the
strike directional electric and magnetic field components. Due to the differential equation systems (consisting of
(31) and (32) or (33) and (34)) there are neither pure TE nor TM mode, i.e. the two modes are coupled. The three
anisotropy values have effect on the strike directional EM field components. The anisotropy effect is controlled
by the three principal values of conductivity in both modes, i.e. the three anisotropy values have effect on the
strike directional EM field components. For isotropic case the partial differential equations do not contain mixed
second order derivatives and one geoelectric domain can be characterized by a constant electrical conductivity
value.

In 2D MT it is equation (11) which governs the TE mode EM fields’ behaviors. In the TE mode partial
differential equation the strike directional electric field component is the only unknown and the strike directional
conductivity value controls the effect of anisotropy. In the geophysical EM special emphasis is put on CSAMT
(Controlled Source Audio Magnetotellurics) and VLF( Very Low Frequency) methods, both are working in the
far-field zone. The theoretical far field zone (corresponding to MT) is presented from these equations if k,=0.
For this strike directional wave number value ¢,=g,=1 and assuming fsy =0 in (31) we can easily receive from

(31):

a(aExj+a(aExJ: Jwﬂaxéx 44
oyl oy oz\ oz

The similarity between (11) and (44) is obvious. We can state that if we approach the theoretical far field zone,
not only the coupling has been ceased, but the effect of the non-strike directional conductivities can be
abandoned as well. Taking into account that the second term of integrand is zero and g,=g,=1 in equations (39)
and (40), we receive similar physical relationship for the non strike directional magnetic field components of TE
mode as we can have from (5)
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and from (6):

T A 4
ou oy

As for the 2.5D theoretical far field TM mode approximation is concerned instead of (32) -with the same
assumption as we applied in the case of TE mode- we can write:

o oH,) of oH o 47
-~ X -~ X | = H
P

We can state that if we approach the theoretical far field zone over a 2D anisotropic conductivity structure in the
TM mode, the effect of the non strike directional conductivity is dominant over that of the strike directional
conductivity (i.e. the conductivities in dip and the vertical direction control the effect of anisotropy). In this zone
the similarity between the controlled source and MT non strike directional electric field components is obvious.
In order to make comparison between them from (8)

oH, 48
E,=py oz

and from (9):

oH, 49
oy

Ez ==p;

Because the second term of integrand is zero and ¢,=qg,=1 in equations (42) and (43), we received similar
relationship for the non-strike directional electric field components of the TM mode for the two cases.

5. Summary

The effect of anisotropy cannot be abandoned in the course of EM exploration. In the paper the basic equations
were derived for elongated anisotropic conductivity structures exited by plane wave and electric dipole sources
(treated as point sources, with either in strike or dip direction). Based upon these equations only after the
discretization of them it is possible to model the EM responses over some groups of frequency domain
electromagnetic methods.

It was proven that in the 2D MT TE (E polarization) mode partial differential equation the strike directional field
component is the unknown and the strike directional conductivity value controls the effect of anisotropy.
Similarly, in the 2D MT TM (H polarization) mode equation the strike directional magnetic field component is
the unknown and the conductivities in dip and the vertical direction control the effect of anisotropy. In the course
of the 2.5D anisotropic FEM problem two partial differential equations in the strike directional wave number
domain were derived and the two polarizations can be distinguished by the inhomogeneous terms. The form of
the coupled partial differential equations is more complex than for isotropic case because of the presence of the
second order mixed partial derivatives. The unknowns of the differential equations are the Fourier transforms of
the strike directional electric and magnetic field components and in contrast with anisotropic 2D MT they are
simultaneously controlled by the three principal values of the conductivity tensor. In general case - including the
transition zone- additional anisotropy effect (except the effect of the strike directional conductivity) is
superimposed when the secondary EM field components are determined. Approaching the theoretical far field
zone similarity can be observed between the EM field components obtained by the controlled and the plane wave
source methods in the point of view of anisotropy effect.
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NOMENCLATURE

B : magnetic flux density (Wb/m?)
ds : elementary dipole length (m)
. electric field vector (V/m)
: EM component (V/m, or A/m)
: Fourier-transform of the F EM component (V/m, or A/m)
: magnetic field vector (A/m)
transmitter current (A)
: current density vector (A/m?)

- applied current source (A/m?)

]

. strike direction

: complex wavenumber (1/m)

- wavenumber in the strike direction (1/m)

> skin depth (m)

: derived dimensionless parameters (subscript z refers to vertical)
: derived dimensionless parameters (subscript y refers direction
perpendicular to the structural strike)

r: transmitter-receiver separation, distance (m)

t: time (s)

o(r) : Dirac-delta function

g dielectric constant (F/m)

L. magnetic permeability (H/m)

o resistivity (ohmm)
O

w

|

L= = Iy T, m

X =

~

=

L2 Lo

conductivity (mho/m or S/m)
angular frequency of the EM field (Hz)
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APPENDIX 1: A telegraf egyenlet levezetése

A kiindulas a Maxwell egyenletek differencialis alakja:

oD

rotH = j +— 1
T+ 1)

- OB
rotE = —— 2
p (2)

Az els6 Maxwell egyenlet szerint mind a vezetési mind az eltolasi &ram magneses Orvényteret
hoz létre. A masodik alapjan az elektromos tér drvényerdssége aranyos a magneses indukciod

idéegységre esé valtozasaval. A fenti Osszefliggésekhez tartozd kiegészitd egyenletek a

kovetkezok:
divD = p, (3)
divB =0 4)

Azaz az elektromos eltolodas forrasbdsége aranyos a (térfogati) toltéssiriséggel (3) alapjan,
ill. a magneses tér forrasmentes, mert nincsenek szétvalaszthaté magneses toltések (4) szerint.
Az egyenletekben szerepld vektor mennyiségek nem fiiggetlenek egymastol. Koztiik a lineéris
Osszefiiggés a legegyszeriibb feltételezés, amely homogén, izotrdp estre vonatkozo kozelités.

Ezen idealizalt estre megfogalmazott anyagi egyenletek az alabbiak:

j=oF D=¢E B = uH (5-7)

A vezetési aramiriiséget az elektromos térerdsség hatdrozza meg (differencialis Ohm-
torvény) ahol az ardnyossagi tényez0 a fajlagos vezetdképesség; az elektomos eltolodas és az
elektromos térerdsség kozotti linedris Osszefliggésben az ardnyossagi tényezd a kozeg
dielektromos allando6ja; mig az utols6 egyenlet szerint a magneses indukciot a magneses

térerdsség hatdrozza meg a kozeg magneses permeabilitdsatol fliggden.

Tételezziik fel az elektromagneses térerésségek €' szerinti harmonikus idéfiiggését, tovabba

azt, hogy nincsenek szabad elektromos toltések a o fajlagos vezetdképességii
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tértartomanyban. Igy a térer6sség vektorok idd szerinti derivaltjai helyett a térerésség
vektorok (im)-szorosa vehetd, masrészt a (6) anyagi egyenlet szerint nemcsak az elektromos
eltolédas vektoranak (3), hanem az elektromos térerdsség vektoranak divergencidja is zérus

lesz. Az eddigiek figyelembevételével (1), ill. (2) helyett irhato:

rotH = o + i weE (8)

rOtE =i ZUlLd:i (9)

crer

rotrotE = —imyaotH (10)
A (10) bal oldalan 1évé mennyiség meghatarozhat6 az alabbi vektorazonossag alapjan is:
rotrotE = graddivE — AE (11)

gy (10) és (11) jobb oldalai is egyenlok egymassal. Annak érdekében, hogy csak az
elektromos térerdsség szerepeljen, a (10) jobb oldalan (8) szerinti helyettesitést végezziik el,
mig (11) jobb oldalan vegyiik figyelembe, hogy az elektromos térerdsség divergenciaja

z&rus:

—igurotH = —i wy(aﬁ +i wgﬁ): graddivE — AE = —AE (12)
Ezen egyenlet igy a kdvetkezd alakl lesz:

AE+(y5w2—iwya)E:AE+k2E:6 (13)

Formailag teljesen hasonl6 alaku egyenlet vonatkozik a magneses térerdsség vektorra.

crcr

érhetd el a magneses térerdsségre vonatkozo (11) vektor azonossag feltételezése mellett.

A végeredményt felirva:  AH + (,uewz —i zU,uO')I:I =AH +k?*H =0 (14)
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APPENDIX 2: Fresnel-zéna

Ado/vevd

%

Az a reflektalt energia, amely fél hullamhossznal kisebb faziskéséssel érkezik be, mint az elsd

Fresnel zona, w

beérkezésii reflektalt jel, az a reflexiot erdsiti, ezt nevezziik konstruktiv interferencianak. Ezt a
feliiletet Fresnel zonanak nevezziik. A w-nél kisebb horizontalis feliiletrdl kapott reflexiokat

nem lehet elkiiloniteni. Az dbran lathato derékszogli haromszogre irhatd, hogy

2% +(wW/2) =(z+A14)
Négyzetre emelést kovetden (A2 /16)-ot a bal oldalon elhanyagolva kapjuk, hogy:
W =+/242

Adott mélységben tehat anndl kisebb a Fresnel-zona, minél nagyobb a frekvencia, azaz a
horizontalis felbontas mértéke a frekvencia novelésével fokozhat6. Ugyanakkor a
kimutathatdsag a vizsgalt objektum mélységétdl is fiigg, rogzitett frekvencia mellett a

mélység novelésével a kimutatathatosag csokken.
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